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Summary 




Meshfree methods have been developed and achieved remarkable progress in recent 
years. These methods have been shown to be effective for different classes of problems. 
These methods have provided us many numerical techniques and extended our minds in 
the quest for more effective and robust computational methods. 
This thesis focuses on the development of new meshfree methods and the application 
of these methods for three-dimensional problems and adaptive analysis. The work of the 
present study can be devided into three parts: the first is to extend the meshfree radial 
point interpolation method (RPIM) for three-dimensional problems; the second is to 
develop a stabilized nodal integration scheme for the meshfree RPIM; the third is to 
develop a linearly conforming point interpolation method (LC-PIM) for both 2D and 3D 
problems, and to apply it to adaptive analysis.  
The RPIM was originally proposed for 2D problems and applied for different types of 
problems. The first contribution of the thesis is to formulate the RPIM to 3D solid 
mechanics problems. In the 3D RPIM, basis functions composed of radial basis functions 
(RBFs) augmented with polynomial terms and a set of nodes in the local support domain 
of the point of interests have been employed to construct the shape functions. The RPIM 
shape function possesses the Delta function property and essential boundary conditions 
can be imposed straightforwardly at nodes. Some 3D numerical cases are studied and 
effects of the shape parameters are investigated via the numerical results. The results 
show that the RPIM has a very good performance for the analysis of 3D elastic problems. 
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To improve the efficiency of the RPIM, a nodal integration scheme based on Taylor 
expansion is proposed in place of the original Gauss integration. The second part is 
focusing on developing a nodal integration scheme for the RPIM (NI-RPIM). In this 
method, RPIM shape function is used and Gakerkin weak form is used for creating 
discretized system equations, in which a nodal integration scheme is employed for 
numerical integration. The nodal integration scheme is stabilized by using Taylor’s 
expansion up to the second order. The NI-RPIM can obtain stable numerical results. 
Compared with the RPIM using Gauss integration, the NI-RPIM achieves higher 
convergence rate and efficiency; compared with the FEM with linear triangular elements, 
the NI-RPIM obtains better accuracy and higher efficiency. 
To obtain the compatibility and to achieve monotonic convergence in energy norm in 
the numerical results for the polynomial PIM, a linearly conforming point interpolation 
method (LC-PIM) is developed in the final part of the thesis. The LC-PIM has been 
formulated for both 2D and 3D elastic problems and applied to the adaptive analysis. In 
the LC-PIM, linear polynomial terms are employed for the construction of shape function 
using point interpolation. The generalized Galerkin weak form is used to discretize the 
system equations and a stabilized nodal integration scheme with strain smoothing 
operation is used for numerical integration. The LC-PIM can guarantee the linear 
exactness and monotonic convergence for the numerical solutions. Furthermore, the LC-
PIM possesses a very important property of upper bound on strain energy which is 
demonstrated with a number of numerical examples. Results of the examples also show 
that the LC-PIM can obtain better accuracy and higher convergence rate compared with 
the FEM with linear triangular elements, especially for stress calculation. An adaptive 
Summary 
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analysis procedure using the LC-PIM is finally proposed, in which an error estimate 
based on residual error and a simple refinement scheme have been introduced. Some 
benchmark problems for adaptive analysis have been studied to demonstrate the validity 
and effectiveness of the adaptive procedure for the LC-PIM. 
In the thesis, the numerical implementation issues and effect of parameters for these 
methods are described and discussed in detail. A large number of numerical examples are 
studied using these methods and the results are compared with analytical solutions or 
those obtained using other numerical methods. Theoretical analysis together with these 
numerical examples have shown that the meshfree techniques presented in this study are 












                                                                                                                                                                         Nomenclature 
 x
Nomenclature 
a  Coefficient vector 
A  Area of the domain 
b  Body force vector 
B  Strain matrix 
cd  Average nodal spacing 
sd  Dimension of the local support domain 
D  The stress-strain matrix of isotropic linear elasticity 
E  Young’s modulus 
de  Error in displacement norm 
ee  Error in energy norm 
f  Force vector 
G  Shear modulus 
I  Moment of inertia of section 
K  Stiffness matrix 
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 xi
nP , mP  Polynomial moment matrix 
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r  Distance 
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U  Displacement vector 
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[ ]Tzyx=x  Cartesian coordinates 
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sα  Coefficient for local support domain 
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tΓ  Natural boundary 
uΓ  Essential boundary 
δ  Kronecker delta  
ε  Strain vector 
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v  Poisson ratio 
σ  Stress vector 
θ  Rotation angle 
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1.1 Overview of meshfree methods 
1.1.1 Introduction 
In the process of designing an advanced engineering system, engineers must undertake 
the courses of modeling, simulation, analysis and visualization. Differential equations 
and boundary conditions are abstract, and often highly approximate, characterizations of 
physical process in engineering. However, exact solutions to these differential equations 
are often possible only for problems defined in simple geometrical domains and mostly 
constrained to linear problems. To solve differential equations governing the engineering 
processes occurring mostly in practice, many types of numerical methods have been 
proposed and developed such as the finite difference method (FDM), the finite element 
method (FEM) and the boundary element method (BEM), etc.  
FEM possesses many attractive features and has become one of the most important 
advances in the field of numerical methods (Zienkiewicz and Taylor, 2000; Liu and Quek, 
2003). A salient feature of FEM is that it divides a continuum into a finite number of 
elements to model the problem. The individual elements are connected together by a 
topological map called mesh. The common characteristic of the meshes is that each of 
them has several connecting nodes and there is some information concerning the relation 
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of nodes. The continuity of field variables within the domain spreads through the adjacent 
meshes and related nodes. The governing differential equations, whether ordinary 
differential equations (ODEs) or partial differential equations (PDEs), can be transformed 
into weak-form formulations on the discretized sub-domains by means of certain 
principles, such as variational method, minimum potential energy principle or principle 
of virtual work. Using the properly predefined meshes and the field discretization method, 
a set of algebraic equations are generated. After assembling the equations of all the 
meshes and imposing of proper boundary conditions, the system equations governing the 
problem domain can be formed and thereafter solved. The FEM has been thoroughly 
developed and is widely used in engineering field due to its versatility for complex 
geometry and flexibility for many types of problems. Most practical engineering 
problems related to solids and structures are currently solved using well developed FEM 
commercial packages.  
Despite of the robustness in numerical analysis, there are still some limitations or 
inconveniences in the FEM (Liu, 2002; Liu and Gu, 2005). For example the data 
preparation in the course of mesh generation and model conversion from physical model 
to finite element data is an extremely burdensome and time-consuming task. Another 
factor may be that the secondary variables such as strains and stresses by the FEM are 
much less accurate than the primary variables such as displacements, temperature, etc. At 
the same time, the problems of computational mechanics grow ever more challenging. 
For instance, in the simulation of manufacturing processes, such as extrusion and 
modeling, it is necessary to deal with extremely large deformations of the mesh; while in 
computations of castings the propagation of interfaces between solids and liquids is 
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crucial. In simulations of failure processes, it is required to model the propagation of 
cracks with arbitrary and complex paths. In the development of advanced materials, 
methods which can track the growth of phase boundaries and extensive micro-cracking 
are required. However, these problems are not well suited to conventional computational 
methods such as the finite element method.  
To overcome these problems, meshfree or meshless methods have been developed and 
achieved remarkable progress in recent years. Meshfree methods use a set of nodes 
scattered within the problem domain as well as sets of nodes scattered on the boundaries 
of the domain to represent the problem domain and its boundaries (Liu, 2002).  For most 
meshfree methods, these sets of scattered nodes do not form a mesh, which means no 
priori information on the relationship between the nodes is required for at least the 
interpolation or approximation of the unknown functions of field variables. So far, many 
meshfree methods have found very good applications and shown great potential to 
become powerful numerical tools.  
 
1.1.2 Features and properties of meshfree methods 
Compared with the traditional FEM, meshfree methods possess some unique features 
that are summarized as follows (Liu, 2002). 
1) The shape function of the FEM relies on the type of the element and hence 
constrained by the connectivity of the mesh. Most meshfree methods, however, can 
freely and dynamically choose surrounding nodes to construct the shape functions 
based on the nature of the problem. The shape functions of meshfree methods change 
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generally from point to point and it can be constructed during the process of an 
analysis, which is important in adaptive analysis. 
2) The shape function of a meshfree method may or may not satisfy Kronecker delta 
conditions, depending on the method used. If not, like the MLS-based meshfree 
methods, special techniques are required to impose the essential boundary conditions 
(Belytschko et al., 1994a). 
3) Some meshfree methods may require background cells that cover the problem domain 
for the numerical integration of the weak-form formulations over the problem domain, 
such as the global weak-form methods. Typical methods include the element-free 
Galerkin method (Belytschko et al., 1994a), the meshfree point interpolation method 
(Liu and Gu, 2001a; Wang and Liu, 2002a), and so on. Some meshfree methods need 
local cells, such as the local weak-form methods which include the meshless local 
Petrov-Galerkin (MLPG) method (Atluri and Zhu, 1998), the local point interpolation 
method (LPIM) (Liu and Gu, 2001b) and the local radial point interpolation method 
(LRPIM) (Liu and Gu, 2001c; Liu et al., 2002b). There are also meshfree methods 
that need no integration, like the strong-form methods which include the smooth 
particle hydrodynamics (SPH) (Lucky, 1977; Gingold and Monaghan, 1977), the 
general finite difference method (GFDM) (Girault, 1974), and so on. 
4) For most of the meshfree methods, mesh automation and adaptive analysis can be 
implemented easily, as no predefined connections between the nodes are required. 
Meshfree methods are suitable for solving problems related to large deformation, 
crack propagation or elastodynamic for the same reason. 
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5) Results of meshfree methods can be more accurate than that of the FEM especially 
for stresses.  
6) Meshfree methods are generally more expensive than the FEM due to the complexity 
in construction of shape functions and imposition of boundary conditions. 
 
1.2 Literature review 
The starting point of meshfree methods may be traced to 1970s when Smoothed 
Particle Hydrodynamics (SPH) was developed. The SPH was used for modeling 
astrophysical phenomena without boundaries such as exploding stars and dust clouds. 
Most of earlier research work on SPH was reflected in the publications of Lucy and 
Monaghan and their coworkers (Lucy, 1977; Gingold and Monaghan, 1977; Monaghan 
and Lattanzio, 1985; Liberskuy and Petscheck, 1991; Monaghan, 1992). A detailed and 
systemic description on SPH has been given by Liu and Liu (2003). Rapid development 
on meshfree methods was from the early 1990s when weak form was used in the 
formulation. Since then, more and more research efforts were devoted to the study of 
meshfree methods and a group of meshfree methods have been proposed and developed. 
According to the formulation procedures used, meshfree methods can be largely 
categorized into three major categories (Liu and Gu, 2005): meshfree methods based on 
strong form of partial differential equations (PDEs); meshfree methods based on Galerkin 
weak form of PDEs and methods based on both strong form and weak form such as the 
Meshfree Weak-Strong (MWS) form method (Liu and Gu, 2003b).  
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1.2.1 Meshfree shape function construction techniques 
One of the most important issues in meshfree methods is the construction of shape 
functions. Before reviewing various meshfree methods, approximation techniques used in 
meshfree methods will be briefly introduced. 
 
1) SPH approximation 
The SPH method uses an integral form of function approximation (Lucy 1977; Gingold 
and Monaghan, 1977), in which a field function of ( )xu  at a point x  is approximated 
using 
 ( ) ( ) ( )∫Ω Ω−= ξ ξξξ dhwuu
h ,xx )   (1.1) 
where w)  is called smoothing or weight function, and h  is termed the smoothing length 
in SPH. 
Monaghan (1982) gave the five conditions that the smoothing funcion should satisfy. 
The kernels often used in SPH can be found in the papers of Monaghan (1982, 1992), 
Belytschko et al. (1996a), and more completely in the book by Liu and Liu (2003). The 
consistency of SPH approximation function was also discussed in the paper of 
Belytschko et al. (1996a). They concluded that although the continuous form of SPH has 
second order consistency, the discrete form of SPH does not ensure the linear consistency. 
More detailed discussions on some of the recent developments for SPH can be found in 
the book by Liu and Liu (2003). 
 
2) MLS approximation 
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The moving least squares (MLS) approximation originated from mathematicians in 
data fitting and surface construction (Mclain, 1974; Gordon and Wixom, 1978). An 
excellent description of MLS can be found in the landmark paper by Lancaster and 
Salkausdas (1981). The MLS approximation is now widely used in meshfree methods for 
constructing shape functions. Nayroles et al. (1992) used MLS in a meshfree method that 
was called the diffuse element method (DEM).  
The MLS approximation is given as 








T xaxPxxx   (1.2) 
where ( )xP  is the basis and is a function of the space coordinates. The coefficients ( )xa  
in equation (1.2) are also functions of x , which can be obtained at the point x  by 
minimizing a weighted discrete 2L  norm as 







2T xaxPxx)   (1.3) 
where n  is the number of nodes in the support domain of x  for which the weight 
function ( ) 0≠− jw xx) , and ju  is the nodal value of u  at jxx = . 
The major advantage of MLS approximation is that its continuity is mainly related to 
the continuity of the chosen weight function (Belytschko et al., 1994a; Liu, 2002). In 
other words, a low order polynomial basis, e.g., a linear basis, may be used to generate 
higher continuous approximations by choosing an appropriate weight function. The main 
disadvantages of MLS are the lack of Kronecker delta function property and it is 
computationally expensive (Belytschko et al., 1996a). Detailed discussions of MLS 
approximation will be presented in Chapter 2. 
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3) RKPM approximation 
Liu et al. (1995) developed a method that ensures the required degree of consistency in 
the SPH integral approximation, and named it the reproducing kernel particle method 
(RKPM). The reproducing property is achieved by adding a correction function to the 
kernel in Equation (1.1). This correction function is particularly useful in improving the 
SPH approximation near the boundaries as well as to make it linearly or 1C  consistent. 
The integral representation of a function with correction function can be given by 
 ( ) ( ) ( ) ( )∫Ω Ω−= ξ ξξξξ dhwCuu
h ,, xxx )   (1.4) 
where ( )ξ,xC  is the correction function.  
An example of the correction function in one dimension is  
 ( ) ( ) ( )( )xxxx −+= ξξ 21, ccC   (1.5) 
where ( )x1c  and ( )x2c  are coefficients. The coefficients can be obtained by enforcing the 
corrected kernel to reproduce the function required (Liu et al., 1995).  
 
4) Partition of unity method 
Melenk and Babuska (1996) proposed the following approximation technique which is 
called the partition of unity finite element method (PUFEM). 
 ( ) ( ) ( )∑ ∑Φ=
I j
jjII
h pu xxx β0   (1.6) 
where jIβ  are the unknowns (several per node) and jp  is the basis which typically will 
include monomial terms up to a certain degree and possibly some enhancement functions. 
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0Φ  is a function that satisfies conditions of partition of unity. It can be constructed from 
an MLS shape function. 
Durarte and Oden (1995) have proposed a slightly more general partition of unity 
method, called the hp method. In hp approximation, MLS shape functions of order k  are 
employed instead of the partition of unity functions of PUFEM. The formulation of hp 
approximation is  







h qbuu xxx   (1.7) 
The functions ( )xiIq  are either high order monomials or enhancement functions for a 
node i . A major advantage of this formulation is that it allows the basis q  to vary from 
node to node and thus make p-adaptivity easier. 
 
5) Point interpolation method (PIM) 
Point interpolation method (PIM) is a meshfree interpolation technique that was 
originally proposed by Liu and his co-workers (2001a). In the PIM, nodes located locally 
in a support domain are used to approximate the variable and construct shape functions. 
The PIM shape functions possess the Kronecker delta function property and hence 
essential boundary conditions can be applied straightforwardly at nodes (Liu, 2002). Two 
different types of PIM using the polynomial basis and the radial basis functions (RBF) 
and related techniques have been developed (Liu and Gu, 2001a; Wang and Liu, 2002a). 
Details of the PIM will be discussed in Chapter 2. 
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1.2.2 Meshfree methods based on strong forms 
In this thesis, the research work is focused on the meshfree methods which are 
formulated based on Galerkin weak forms. Hence strong form meshfree methods are only 
briefed in this section. 
To approximate the strong form of a PDE using meshfree methods, the PDE is usually 
discretized by a specific collocation technique. One of the most famous meshfree 
methods based on the strong form is the smooth particle hydrodynamics (SPH) (Lucy, 
1977; Gingold and Monaghan, 1977). The basic idea of SPH is that the state of a system 
can be discretized by arbitrarily distributed particles, and then the SPH approximation, 
Equation (1.1), is used in the strong form of the PDEs of the problem. The earliest 
applications of SPH were mainly focused on astrophysical problems and fluid dynamics 
related areas, such as, the simulation of binary stars and stellar collisions (Benz, 1988; 
Monaghan, 1992), elastic flow (Swegle et al., 1995), gravity currents (Monaghan, 1995), 
heat transfer (Cleary, 1998), and so on. Recently, the SPH method has been applied for 
the simulations of high velocity impact (HVI) problems. Libersky and his co-workers 
have made outstanding contributions in the application of SPH to impact problems 
(Libersky and Petscheck, 1991; Libersky et al., 1995; Randles and Libersky, 1996). 
The main shortcomings of the SPH method include tensile instability, lack of 
interpolation consistency, zero-energy mode, and difficulty in enforcing essential 
boundary condition (Liu and Liu, 2003). Some improvements and modifications of the 
SPH have been developed (Monaghan and Lattanzio, 1985; Swegle et al., 1995; Morris, 
1996). 
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There are some other meshfree methods (particle methods) developed based on the 
strong forms, such as, the vortex method (Chorin, 1973), the general finite difference 
method (GFDM) (Girault, 1974, Pavlin and Perrone, 1975, Liszka and Orkisz, 1980, 
Cheng and Liu, 2002), meshfree collocation method (Kansa, 1990, Zhang et al., 2000), 
the finite point method (Onate et al., 1996), the least-squares radial point collocation 
method (LS-RPCM) (Liu and Kee, 2006), and so on. 
Meshfree strong form methods generally have some attractive advantages including: 
simple algorithm, computational efficiency, and no need of background mesh. However, 
meshfree strong form methods are usually unstable and less accurate, especially for 
problems with derivative boundary conditions (Liu, 2002). 
 
1.2.3 Meshfree methods based on Galerkin weak forms 
Unlike SPH, meshfree methods based on Galerkin weak forms are relatively young. 
From the early 1990s, more and more research efforts have been devoted to the study of 
meshfree methods based on Galerkin weak forms. Several landmark papers were 
published in this period of time. The first one was proposed by Nayroles et al. (1992). 
They basically rediscovered the MLS interpolant proposed by Lancaster and Salkauskas 
(1981). Foreseeing its potential use in numerical computations, they named it the diffuse 
element method (DEM). Belytschko et al. (1994a) published another landmark paper to 
propose the element free Galerkin (EFG) based on the DEM. After this publication, the 
meshfree methods based on the Galerkin weak forms had significant advancement. It is 
reflected by the large number of new meshfree methods proposed. Several reviews 
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(Belytschko et al., 1996a; Liu et al., 1996; Liu, 2002) are available. Some typical 
meshfree methods based on Galerkin weak forms will be briefly reviewed in this section. 
 
1) Element free Galerkin (EFG) method 
Belytschko et al. (1994a) proposed the element free Galerkin (EFG) method, in which 
the MLS approximation was used for the first time in the Galerkin procedure to establish 
the weak form of PDEs. In the EFG method, the problem domain is discretized by 
properly scattered nodes. The MLS is used to construct shape functions based on only a 
group of arbitrarily distributed nodes. A background cell is required to evaluate the 
integrals in the global Gakerkin weak forms. 
The EFG method has been reported to be accurate and stable for numerical analysis 
(Belytschko et al., 1994a; 1996b). The rates of convergence of the EFG method are 
higher than that of FEM (Belytschko et al., 1994a). In addition, no volumetric locking 
occurs in the process of computing using EFG (Lu et al., 1994). The irregular 
arrangement of nodes does not affect the performance of the EFG method (Belytschko et 
al., 1994a). The EFG method has been rapidly developed after it was proposed. It has 
been successfully applied to a large variety of problems including two-dimensional and 
three-dimensional problems of linear and nonlinear materials (Belytschko et al., 1997; Lu 
et al., 1994; Jun, 1996), the fracture and crack growth problems (Belytschko et al., 1994b; 
Belytschko et al., 1995a, b; Lu et al., 1995), plate and shell problems (Krysl and 
Belytschko, 1995; 1996; Liu and Chen, 2001), electromagnetic field problems (Cingoski 
et al., 1998), and so on. Furthermore, techniques of coupling EFG with FEM have also 
been developed (Belytschko et al., 1995c; Hegen, 1996). All these applications indicate 
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that the EFG method is gradually becoming a mature and practical computational 
approach in the area of computational mechanics. 
 
2) Reproducing Kernel particle method (RKPM) 
RKPM was proposed by Liu and his co-workers in 1995 (Liu et al., 1995). The main 
idea of RKPM is to improve the SPH approximation to satisfy consistency requirements 
via a correction function. The method produces a smoother shape function and 
consequently provides higher accuracy of solution for large deformation problems. There 
are two forms of RKPM: the strong form (Aluru, 2000) and the Galerkin weak form (Liu 
et al., 1995). The moving least square reproducing kernel method (MLSRKM) (Liu et al., 
1997a) was also developed based on RKPM. In MLSRKM, the procedure of constructing 
MLS interpolation is attained by using the notion of the reproducing kernel formulation 
to establish a continuous basis function.  
RKPM is especially effective in treating nonlinear and large deformation problems 
(Chen et al., 1996; Chen et al., 1998; Liu and Jun, 1998), inelastic structures (Chen et al., 
1997), structural acoustics (Uras et al., 1997), fluid dynamics (Liu et al., 1997b), and so 
on.  
 
3) Meshfree point interpolation methods 
Liu and his co-workers have proposed the meshfree point interpolation methods (PIM) 
based on the Galerkin weak form. In PIM, the problem domain is presented with 
distributed nodes and shape functions are constructed using PIM based on a set of nodes 
located in the support domain. A background cell is needed for numerical integration in 
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the Galerkin weak forms. Two types of PIMs have been developed by using polynomial 
basis and radial basis functions (RBFs) as mentioned previously, i.e. polynomial PIM and 
RPIM.  
In the polynomial PIM, the moment matrix can be singular. A matrix triangularization 
algorithm (MTA) has been proposed to overcome this problem (Liu and Gu, 2003a). 
However, the polynomial PIM is not very robust for irregular nodal distribution due to 
the incompatibility nature of PIM shape functions (Liu and Gu, 2005). The RPIM is very 
stable and robust for arbitrary nodal distributions and has been successfully applied to 
various types of problems, including 2D and 3D solid mechanics (Wang and Liu, 2000, 
2002a, b; Liu and Gu, 2001c; Liu et al., 2005b), inelastic analysis (Dai et al., 2006), 
problems of smart materials (Liu and Dai, 2002, 2003; Liu et al., 2002a), plate and shell 
structures (Liu and Tan, 2002; Chen, 2003), material non-linear problems in civil 
engineering (Wang et al., 2001; 2002). 
 
4) Local meshfree Galerkin methods 
Atluri and Zhu (1998) developed a meshfree method called the meshless local Petrov-
Galerkin (MLPG) method. In the MLPG, a local quadrature domain is defined around 
each node for the integration of the local weak form based on the Petrov-Galerkin 
procedure, in which the trial and test functions can be chosen from different spaces to 
develop discrete system equations. It makes it possible for the MLPG method to choose 
test functions purposely to simplify the local integration. Like the EFG, the MLPG also 
uses the MLS approximation to construct its shape functions. 
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The MLPG does not need a global mesh for either interpolation or integration (only 
local integration in local quadrature is required). The implementation procedure of the 
MLPG is node based, which is as simple as methods based on strong forms yet it 
possesses as high accuracy as methods based on weak forms. For the simplicity and 
efficiency, the MLPG has been developed and extended by Atluri’s group and other 
researchers over the years. These extensions and applications include the Laplace 
equation, Poisson equation and potential flow problem (Atluri and Zhu, 1998), the elasto-
static problems (Atluri and Zhu, 2000), 4th order thin beams (Atluri et al., 1999a) and 
thick beams (Cho et al., 2001), linear fracture problems (Ching and Batra, 2001), fluid 
mechanics problems (Lin and Atluri, 2001), and so on. The MLPG method was 
thoroughly assessed by Atluri in his book named “The meshless method (MLPG) for 
domain & BIE discretizations” which was printed in 2004 (Atluri, 2004).  
Liu and his co-workers used the concept of MLPG and developed two meshfree local 
weak form methods: the local point interpolation method (LPIM) (Liu and Gu, 2001b) 
and the local radial point interpolation method (LRPIM) (Liu and Gu, 2001c; Liu et al., 
2002b), in which polynomial PIM shape functions and RPIM shape functions are used 
respectively. Since the PIM shape functions possess the Delta function property, essential 
boundary conditions in the LPIM and the LRPIM can be imposed straightforwardly at 
nodes. LRPIM is very robust for domains with randomly distributed nodes because of the 
excellent interpolation stability of RBFs and has been successfully applied to solid 
mechanics (Liu and Gu, 2001c, 2002; Liu et al., 2002b; Xiao and Mccarthy, 2003a), fluid 
mechanics (Wu and Liu, 2003), 4th order ODEs for beam structures (Gu and Liu, 2001), 
microelectronic mechanical system (MEMS) (Li et al., 2004), and so on. 
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5) Boundary type meshfree methods 
Boundary type meshfree methods were developed by combining the boundary integral 
equation (BIE) with the meshfree techniques. Mukherjee and his co-worker proposed the 
boundary node method (BNM) (Mukherjee and Mukherjee, 1997; Kothnur et al., 1999). 
In BNM, the boundary of the problem domain is discrtetized by properly scattered nodes. 
The BIEs of problems considered are discretized using the MLS approximation based 
only on a group of arbitrarily distributed boundary points. The BNM has been applied to 
three dimensional problems of potential theory and elasto-statics (Chati et al., 1999; Chati 
and Mukherjee, 2000). Very good results were reported. However, because the MLS 
shape functions lack of delta function properties, it is difficult to accurately satisfy the 
essential boundary conditions in BNM. This problem actually becomes more serious in 
BNM because a large number of boundary conditions are required to be satisfied. The 
method used by Kothnur et al. (1999) imposes boundary conditions doubles the number 
of system equations. It makes BNM computationally much more expensive than the 
original one. 
Zhu et al. has developed another boundary type meshfree method which is called the 
local boundary integral equation (LBIE) method (Zhu et al., 1998a). In LBIE, the domain 
and the boundary of the problem are discretized by properly distributed nodes. For each 
node, the BIE is locally used to construct system equations of the problem. The LBIE has 
been successfully used to solve linear and non-linear boundary problems (Zhu et al., 
1998a, b; Zhu et al., 1999; Atluri et al., 2000). 
By using the PIM and RPIM shape functions in BIEs of PDEs, Liu and Gu have 
developed two boundary-type meshfree methods: the boundary point interpolation 
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method (BPIM) (Gu and Liu, 2002) and the boundary radial point interpolation method 
(BRPIM) (Gu and Liu, 2003). In these two methods, since the shape functions have the 
Kronecker delta function property, the essential boundary condition can be imposed as 
easily as in the BEM. So the BPIM and BRPIM are more efficient than the methods using 
MLS shape functions (Liu and Gu, 2005). 
 
6) Other meshfree Galerkin methods 
Beside the meshfree methods mentioned above, there are some other meshfree 
methods have also been developed, such as, the hp cloud method (Armando and Oden, 
1995), the partition of unity finite element method (PUFEM) (Melenk and Babuska, 1996; 
Babuska and Kelenk, 1997), the finite point method (FPM) (Onate et al., 1996), the finite 
spheres method (De and Bathe, 2000), the point assembly method (PAM) (Liu, 2002), 
and so on.  
 
1.2.4 Meshfree methods based on combination of weak and strong forms 
Liu and Gu (2003b) have developed a meshfree method called meshfree weak-strong 
(MWS) form method, which is formulated based on the combination of weak form and 
strong form. The key idea of the MWS method is that both the strong form and local 
weak form are used for establishing the discretized system equations, but these two forms 
are used for different group of nodes carrying different equations and conditions (Liu and 
Gu, 2005). In detail, the local weak form is used for all the nodes that are on or near the 
boundaries with derivative conditions and the strong form is used for all the other nodes. 
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A background cell is needed for the numerical integration. The MWS obtains very stable 
and accurate solutions for PDEs with derivative boundary conditions (Liu and Gu, 2005). 
It has been successfully applied in solid mechanics (Liu and Gu, 2003b; Gu and Liu, 
2005) and fluid mechanics problems (Liu et al., 2004).  
 
1.3 Objectives and significance of the study 
This thesis will focus on the development of meshfree methods for three-dimensional 
problems, the formation of the nodal integration scheme and the application of meshfree 
methods in adaptive analysis. Major works reported in this thesis are as follows. 
1) Extend the meshfree radial point interpolation method (RPIM) to three-dimensions 
and discuss the effect of the shape parameters; 
2) Develop a stabilized nodal integration scheme for meshfree radial point interpolation 
method (RPIM), which is based on Taylor series extension of the integrands; 
3) Develop a linearly conforming point interpolation method (LC-PIM), which can 
guarantee linear exactness and monotonic convergence in energy norm for the 
numerical solutions and possess the important property of upper bound on strain 
energy; 
4) Extend the linearly conforming point interpolation method (LC-PIM) to three-
dimensions; 
5) Develop a suitable adaptive procedure and perform an adaptive analysis using the 
linearly conforming point interpolation method (LC-PIM).  
These works will be thoroughly discussed in the following chapters. 
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1.4 Organization of the thesis 
The thesis consists of eight chapters and the contents of each chapter are as follows. 
In Chapter 1, an overview of meshfree methods is first presented. A literature review 
of different types of meshfree methods is carried out in terms of the approximation 
techniques, and different formulation procedures. 
In Chapter 2, meshfree interpolation methods, polynomial point interpolation method 
(polynomial PIM) and radial point interpolation method (RPIM) are introduced, together 
with the MLS approximation method. The PIMs (polynomial PIM and RPIM) will be 
used for shape function construction in the meshfree methods developed in the thesis. 
The formulations of the shape functions will be introduced in detail and the properties of 
them have also been discussed.  
In Chapter 3, meshfree radial point interpolation method (RPIM) is extended for three-
dimensional problems. Formulations of the RPIM for three-dimensional problems are 
developed, effects of parameters are investigated and some 3D numerical examples are 
studied using the 3D RPIM. 
In Chapter 4, a nodal integration technique for meshfree radial point interpolation 
method is developed (NI-RPIM). Formulations of the nodal integration scheme have been 
introduced for both 1D and 2D problems. The effect of shape parameters and dimension 
of the local support domain on the results of NI-RPIM is investigated.  A number of 
numerical examples including an automobile mechanical component are studied using the 
NI-RPIM. 
In Chapter 5, a linearly conforming point interpolation method (LC-PIM) is developed. 
Formulations of construction of PIM shape functions based on background cells and a 
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stabilized nodal integration scheme with strain smoothing operation are introduced. The 
generalized Galerkin weak form for the LC-PIM is then derived. A thorough theoretical 
study has been conducted. The LC-PIM is proved to be variationally consistent, and 
possesses the upper bound property on strain energy for elasticity problems. A number of 
numerical examples are studied to demonstrate the properties of the LC-PIM. 
In Chapter 6, the linearly conforming point interpolation method (LC-PIM) is 
formulated for three-dimensional problems. The stabilized integration scheme with strain 
smoothing operation is extended for three-dimensions. A standard patch test is first 
studied to prove the stability of the nodal integration scheme and the convergence 
property of the LC-PIM for 3D problems. Some 3D numerical examples, including a riser 
connector which comes from a real offshore project, are analyzed using the 3D LC-PIM. 
In Chapter 7, an adaptive analysis procedure using the linearly conforming point 
interpolation method (LC-PIM) is presented. Formulations of the LC-PIM are first 
introduced briefly, and a proper error estimate and the associated refinement scheme are 
introduced for the adaptive analysis using the LC-PIM. Some benchmark problems for 
adaptive analysis are studied. The numerical results of adaptive procedure are compared 
with the results of uniform refinement to investigate the validity and efficiency of the 
adaptive procedure for the LC-PIM. 
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Chapter 2 
Point interpolation method (PIM) 
 
2.1 Introduction 
The interpolation technique plays a key role in numerical methods. In the traditional 
finite element method (FEM), the shape functions are created using interpolation 
techniques based on elements formed by a set of fixed nodes. This type of interpolation is 
termed as stationary element based interpolation (Liu and Gu, 2005). In meshfree 
methods, the problem domain is usually represented by field nodes that are, in general, 
arbitrarily distributed. The field variables at an arbitrary point in the problem domain are 
mostly approximated using a group of field nodes in a local domain. This type of 
interpolation is called moving domain based interpolation (Liu and Gu, 2005). 
Most meshfree methods developed so far are based on the moving least squares (MLS) 
approximation. Although MLS method has seen great success in constructing the shape 
functions for arbitrarily distributed nodes, two techniques associated with it are still not 
well solved: the first is the difficulty in implementation of the essential boundary 
conditions for its lacking of delta function property (Belytschko et al., 1994a); another is 
the complexity in numerical algorithm for computing its shape functions and derivatives 
(Liu, 2002).  
A point interpolation method (PIM) was originally proposed by Liu and his coworkers 
(Liu and Gu, 1999, 2001a; Wang and Liu, 2002). The PIM obtains the approximation of a 
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variable by letting the function pass through the nodal values exactly at each scattered 
node within the local support domain of the interesting point. The PIM shape functions 
show three main features compared with the MLS-based ones (Liu, 2002). The first is 
that the PIM shape functions possess the Kronecker delta function property, which allows 
straightforward imposition of essential boundary conditions at nodes as easily as in the 
conventional FEM. The second is that the PIM shape function and its derivatives can be 
developed in a much more efficient and simpler way than in the MLS procedure. The 
third is that the constructed PIM shape function and its derivatives have a very simple 
form.  
Two types of PIM shape functions have been formulated so far using different forms of 
basis functions. PIM using polynomial basis functions was originally developed by Liu 
and Gu (2001a) and it is termed as polynomial PIM. PIM using radial basis functions 
(RBFs) was developed by Wang and Liu (2000; 2002a) and it is termed as RPIM. The 
PIM has been established using both Galerkin and Petrov-Galerkin formulations (Liu and 
Gu, 2001 a, b, c), thus they are accordingly termed as global weak form and local weak 
form. The PIM has also been formulated in meshfree weak-strong (MWS) form, in which 
the method is formulated based on the combination of strong and local weak forms (Liu 
and Gu, 2003a). In the present work, only global weak form PIM is employed. 
Formulations of PIMs and properties of the PIM shape functions will be presented in 
the following sections. In addition, the MLS method will also be briefly introduced. 
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2.2 Polynomial point interpolation method (Polynomial PIM) 
2.2.1 Polynomial PIM formulation 
Polynomials have been used as basis functions in the interpolation to create shape 
functions in many numerical methods, such as the FEM. In the FEM, however, the 
interpolation is based on elements that are perfectly (no gap and overlapping) connected. 
In the polynomial PIM, the interpolation is based on a small set of nodes in a local 
support domain that can overlap with other support domains.  








= =∑x x p x a   (2.1)
where ( )ip x  is the basis function of monomials in the space coordinates [ ]Tyx,=x , n  
is the number of polynomial terms, and ia  is the corresponding coefficient yet to be 
determined. The polynomial basis ( )ip x  is usually built utilizing the Pascal’s triangle (as 
shown in Figure 2.1), and a complete basis is preferred because of the requirement of 
consistency. The complete polynomial basis of order 1 and 2 can be written in the 
following forms. 
( ) { }yx1T =xp  Basis of complete 1st order 
 ( ) { }22T 1 yxxyyx=xp  Basis of complete 2nd order (2.2)
In the PIM, a local support domain containing of n  field nodes is formed for the point 
of interest x  (Liu, 2002), and in which, a circle or rectangle will be usually used as the 
shape of the local support domain (as shown in Figure 2.2). The coefficients ia  in 
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Equation (2.1) can then be determined by enforcing ( )xu  to be the values of field 
variables at these n  nodes. Leading to the following n  equations: 
 
( ) ( )
( ) ( )
( ) ( )
1 1 1 2 1 3 1 4 1 1 1
2 2 1 2 2 3 2 4 2 2 2






n n n n n n n n n
u x y a a x a y a x y a p
u x y a a x a y a x y a p
u x y a a x a y a x y a p




M   (2.3)
In matrix form, it can be written as 
 aPU ns =   (2.4)
where sU  is the vector of nodal values of field variables, 
 { }T321 ... ns uuuu=U   (2.5)
a  is the vector of unknown coefficients, 
 { }T321 ... naaaa=a   (2.6)











































Assuming the existence of 1−nP , a unique solution for a  can be obtained as 
 sn UPa
1−=   (2.8)
Substituting Equation (2.8) back into Equation (2.1) yields 
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= = =∑x P x P U Φ x U   (2.9)
where ( )xΦ  is the vector of PIM shape functions: 
 ( ) ( ) ( ) ( ){ }xxxxΦ nϕϕϕ K21T =   (2.10)
The derivatives of the shape functions can be easily obtained because the PIM shape 
function is of polynomial form. The thl  derivatives of PIM shape functions can be written 
as 






xPxxxxΦ ϕϕϕ K   (2.11)
 
2.2.2 Properties of polynomial PIM shape functions 
1) Consistency 
The consistency of the polynomial PIM shape function depends on the complete orders 
of the monomial used in Equation (2.1), and hence on number of nodes included in the 
support domain. For example, if the complete order of the monomials is n , the shape 
function will possess nC  consistency (Liu, 2002). 
To make it clear, a field function is expressed as the linear combination of the first thk  
monomials in the Pascal triangle: 







xx       nk ≤   (2.12)
Such a function can also be written using Equation (2.1) by employing all the n  basis 
terms as 
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ii bpf         (2.13)
where [ ]0021T LL kbbb=b . 
Using the n  nodes in the support domain of point x , one can obtain the vector of 
nodal function value sU  as 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )














































































































Substituting the above equation into Equation (2.9), one can get the approximate 
function value 




n s n n i i
i
u p b− −
=
= = = =∑x P x P U P x P P b P x b x         (2.15)
which is exactly the same as that in Equation (2.12). This demonstrates that any field 
given in Equation (2.12) will be exactly reproduced by the polynomial PIM, as long as 
the function is included in the basis for interpolating the shape functions. In particular, in 
order to make polynomial PIM exhibit linear consistency, what one needs to do is to 
include the constant and linear monomials into the basis functions. Another important 
feature that can be obtained from the above procedure is that any function appearing in 
the basis can be reproduced exactly.  
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2) Delta function property 
Polynomial PIM shape functions have the Kronecker delta function property, that is  










xxϕ   (2.16)
3) Partitions of unity 









1xϕ         (2.17)
4) Compatibility 
In using the polynomial PIM shape functions, the compatibility in the global domain is 
not ensured when the local support domain is used, as the field function approximation 
could be discontinuous when nodes enter or leave the moving support domain (Liu and 
Gu, 2005). Fortunately, this problem has been successfully resolved in my work by using 
the nodal integration scheme with strain smoothing technique. It will be presented in 
detail in Chapter 5. 
 
2.2.3 Techniques to overcome singularity in moment matrix 
Although the polynomial PIM possesses many excellent properties, its shape functions 
may not be retrieved if the singularity of moment matrix nP  occurs in Equation (2.8). 
After the selection of nodes and basis functions, the moment matrix is completely 
determined by the structure of scattered nodes in a predefined coordinates system. This 
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means that two factors dominate whether the inverse matrix 1−nP  exists or not, i.e., the 
node distribution and the coordinate system. When using polynomial basis function, it is 
difficult to guarantee the existence of  1−nP  in all circumstances especially for a group of 
arbitrarily scattered nodes. A number of methods have been proposed by Liu and his co-
workers to deal with the problem of singularity.  
The simplest method to obtain a non-singular moment matrix is to move the nodes in 
the support domain by a small distance randomly in terms of both directions. The method 
is simple and effective for most situations (Liu and Gu, 2001a). However, there are still 
chances for the moment matrix to be ill conditioned or to be singular. The coordinate 
transformation method (Wang et al., 2001) was also proposed to avoid the singular 
problem. This approach is developed making use of the fact that the singularity of the 
moment matrix depends on the coordinates system where the moment matrix is formed. 
The singularity can be avoided by rotating the local coordinate system. This method 
works for many cases, but does not provide full proof for the problem. A matrix 
triangularization algorithm (MTA) is proposed by Liu and Gu (2003a). The MTA is very 
efficient and works well for most of the situations. The employment of radial basis 
functions in constructing the polynomial PIM shape function is another method (Wang 
and Liu, 2000, 2002a). This method always works and ensures the existence of the 
inversion of the moment matrix. The major drawback is that it is computationally more 
expensive as more nodes are required to obtain accurate results compared to that of the 
polynomial PIM. This method will be presented in the following section.  
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In my work, a scheme of nodes selection on the background cell is proposed for the 
construction of polynomial PIM shape function. The method is very simple and can 
overcome the singularity problem efficiently. It will be presented in Chapter 5 for details.      
  
2.3 Radial point interpolation method (RPIM) 
2.3.1 RPIM formulation 
Radial basis functions (RBFs) are useful for function approximation based on arbitrary 
distributed nodes (Powell, 1992), and RPIM shape functions can be created using RBFs 
for meshfree methods following a simple procedure given, for example in (Liu, 2002). A 
field function ( )xu  is first approximated as follows using RBFs augmented with 
polynomials in the local support domain of the point of interest. 
 
1 1
( ) ( ) ( ) ( ) ( )
n m
h T T
i i j j
i j
u R a P b
= =
= + = +∑ ∑x x x R x a P x b   (2.18)
where ( )xiR  and ( )xjP are radial basis functions and polynomial basis functions 
respectively, ia  and jb  are corresponding constants, n  is the number of field nodes in 
the local support domain and m  is the number of polynomial terms. When 0=m , pure 
RBFs are used. Otherwise, the RBF is augmented with m  terms of polynomial basis 
functions.   
There are several types of RBFs (as shown in Table 2.1), and the multi-quadrics (MQ) 
(Hardy, 1990) is used in the present work. The MQ-RBF is a function of nodal distance 
ir  defined as follows (Liu, 2002), 
Chapter 2                                                                                                                            Point interpolation method (PIM) 
 30
 qccii drR ))(()(
22 α+=x         (2.19)
where cd  is the average nodal spacing near the point of interest x ; cα  and q  are two 
arbitrary real numbers of dimensionless parameters, and  
 22 )()( iii yyxxr −+−=         (2.20)
To perform the interpolation, a local support domain of the point of interest will be 
taken and the field values at the nodes in this domain will be used to implement the 
interpolation. In this work, a circular domain centered at the point of interest is used. The 
dimension of the local support domain, defined as the radius of the circle, is given by, 
 css dd α=         (2.21)
where sα  is a positive real number of dimensionless size of the local support domain. 







d         (2.22)
where sA  is an estimated area that is covered by the support domain of dimension sd  
(the estimate does not have to be very accurate but should be known and a reasonable 
good estimate), and 
sA
n  is the number of nodes that are covered by the estimated domain 
with the area of sA . 
Constants ia  and jb  in Equation (2.18) can be determined by enforcing the field 
function pass through all n  field nodes in the local support domain. At the thk  point, it 
has the following form, 
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k k i k k i j k k j
i j
u x y R x y a p x y b
= =
= +∑ ∑          1, 2, ,k n= K   (2.23)
The matrix form of the above equation can be expressed as 
 bPaRU mqs +=         (2.24)
where sU  is the vector of function values at the nodes in the local support domain.  
 { }Tns uuu ...21=U   (2.25)

























=R         (2.26)































        (2.27)
a  is the vector of unknown coefficients for RBFs, 
 { }nT aaa ...21=a         (2.28)
b  is the vector of unknown coefficients for polynomial basis functions, 
 { }mT bbb ...21=b         (2.29)
To obtain unique solutions of Equation (2.24), the constraint conditions should be applied 
as follows (Golberg et al., 1999), 









aPx         (2.30)

















mqs         (2.31)
From Equation (2.24), a  can be expressed as 
 bPRURa mqsq
11 −− −=         (2.32)
Substitution of Equaiton (2.32) into (2.30) yields 
 sbUSb =         (2.33)
where 
 [ ] 111 −−−= qTmmqTmb RPPRPS         (2.34)
Substituting Equation (2.33) into Equation (2.32), a  can be further expressed as 
 saUSa =         (2.35)
where 
 [ ]bmqa SPRS −= − 11         (2.36)
Substituting the derived vectors a  and b  into Equation (2.18), the interpolation can be 
expressed as, 
 ( ) ( ) ( )( )h T Ta b s su  = + = x R x S P x S U Φ x U         (2.37)
where the shape function ( )xΦ  is defined as 
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 { } ( ) ( ) bTaTn SxPSxRxxxxΦ +== )(...)()()( 21 ϕϕϕ         (2.38)
The derivatives of )(xu  can be easily obtained as, 
 ( ) ( ), ' ' '( ) ( )h T Tk k s k a k b su  = = + x Φ x U R x S P x S U         (2.39)
where k  denotes the coordinates x  or y . A comma designates a partial differentiation 
with respect to the indicated spatial coordinate that follows.  
Note that 1−qR  usually exists for arbitrarily scattered nodes (Hardy, 1990; Schaback, 
1994; Wendland, 1998). Therefore, there is no singularity problem in the RPIM because 
only a small number of nodes (usually 10~40 for 2D problems) are used in the local 
support domain (Liu, 2002; Liu and Gu, 2005). 
 
2.3.2 Properties of RPIM shape function 
The RPIM shape functions have been found to possess the following properties (Liu, 
2002; Liu and Gu, 2005): 
1) The RPIM shape functions have the Kronecker delta function properties. 
2) The RPIM shape functions are of partition unity. 
3) The RPIM shape functions are of compact support as long as they are constructed 
using nodes in a compact support domain. 
4) The RPIM shape functions usually possess higher continuity because of the high 
continuity of the radial basis function. 
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5) Mathematicians have proven the moment matrix of RBFs is always invertible, so 
the RPIM shape functions can completely solve the singularity problem, which 
occurrs in the polynomial PIM shape functions.  
Although the RPIM shape functions successfully resolve the problem of singularity, it 
still has some disadvantages compared to the polynomial shape function (Liu 2002; Liu 
and Gu, 2005).  
1) The RPIM is usually less accurate compared to the polynomial PIM.  
2) Some parameters are required to be determined carefully because they will affect 
the accuracy and the performance of the RPIM.  
3) The RPIM is usually computationally much more expensive than the polynomial 
PIM because more nodes are required in the approximation procedure. 
 
2.3.3 Implementation issues 
1) Augment of polynomial terms in the RBF basis function 
In the preceding formulation, if the polynomial terms are not augmented in the basis 
function, the RPIM shape function is not consistent due to the fact that the RBF cannot 
produce the polynomial exactly. Adding polynomial basis functions to RBFs for 
interpolation was proposed by Powell (1992) for function approximation. The idea was 
extended to the RPIM by Wang and Liu (2001). It was found that adding polynomial 
terms in the RBF basis functions has the following advantages (Liu, 2002): 
• Adding polynomial terms up to the linear order can ensure the 1C  consistency. 
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• In general, adding polynomial can always improve the accuracy of the results, at 
least no negative effect has been observed for meshfree weak-form methods. 
• Adding polynomial reduces the influence of the shape parameters on the accuracy 
of the results, and will provide much more freedom in choosing shape parameters. 
• Adding polynomial can improve the interpolation stability. 
In my work, a linear polynomial is used to augment the RBFs. 
 
2) Values of dimensionless parameters in the RPIM shape function 
There are some dimensionless parameters used in the constructing of RPIM shape 
functions. The values of these parameters should be determined carefully as they affect 
the performance of the RPIM. Much work has been done on the investigation of the 
parameters (Wang and Liu, 2001b; Liu, 2002; Liu and Gu, 2005). The following values 
are recommended for the MQ-RBF, i.e., 03.1,0.4 == qcα  and 0.3=sα  for a circular 
support domain.  
 
 2.4 Moving least square (MLS) approximation 
Moving least square method was originally proposed by mathematicians for data and 
surface fitting (Mclain, 1974; Gordon and Wixom, 1978; Lancaster and Salkauskas, 
1981), which is also termed as local regression. The MLS approximation has two major 
advantages that make it very popular (Liu, 2002): one is the approximated field function 
is continuous and smooth in the entire problem domain, and the other is that it is capable 
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of producing a function with desired order of consistency. In particular, It has at least 1C  
continuity and thus is attractive for plates and shells problems (Belytschko et al., 1996a).  
MLS approximation is now widely used to construct shape functions for meshfree 
methods. Nayroles et al. (1992) used MLS method to construct the shape functions in 
their diffuse element method (DEM). Belytschko et al. (1994) refined and modified the 
method and named it the element-free Galerkin (EFG) method. Their major findings in 
EFG are as follows: the EFG method does not seem to exhibit any volumetric locking 
even when the basis functions are linear; the convergence rate is faster than that of FEM; 
and a high resolution of localized steep gradients can be achieved. 
 
2.4.1 MLS formulation 
In this method, the general displacement of a point of interest x , say ( )xu , is 
approximated in the following form 









xaxPxxx         (2.40)
where ( )xP  is a complete basis of monomials of the lowest order of m . The coefficients 
( )xa  are functions of x , which can be determined using the function values at a set of 
nodes that are included in the local support domain of x . A function of weighted residue 
is constructed using the approximated values of the field function, say at node i  
 ( ) ( ),)( xaxPx iTihu =   ni ,,2,1 L=         (2.41)
 and  
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2Tˆ xaxPxx           (2.42)
where n  is the number of nodes in the neighborhood of x , which is also called the 
influence domain of x . ( )iw xx −ˆ  is a weight function. iu  is the nodal parameter at node 
i . Equation (2.42) is a function of weighted residual that is constructed using the 
approximated values and the nodal parameters of the unknown field function. Because 
the number of nodes, n , used in the MLS approximation is usually much larger than that 
of unknown coefficient, m , the approximated function, hu , does not pass through the 
nodal values (as shown in Figure 2.3).  
At an arbitrary point x , ( )xa  is chosen by minimizing the functional of weighted 




J           (2.43)
which leads to the following equation system 
 ( ) ( ) ( ) sUxBxaxA =           (2.44)
where sU is the vector that collects the nodal parameters of field function for all the 
nodes in the support domain and A is called the weighted moment matrix. Matrix A  is 
symmetric whereas matrix B  is non-symmetric and they are in the expressions of 







Tˆ xPxPxxxA           (2.45)
 ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]nnwww xPxxxPxxxPxxxB −−−= ˆˆˆ 2211 L           (2.46)
Solving Equation (2.44) and substituting ( )xa  into Equation (2.40) leads to 
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1T xxBxAxPx ϕ           (2.47)
where iϕ  is the MLS shape function given by 
 ( ) ( ) ( ) ( )xBxAxPx ii 1T −=ϕ           (2.48)
 Let ( ) ( ) ( ) ( )[ ]xxxx nϕϕϕ L21Φ =  and ( ) ( ) ( )xPxAxγ 1−= , it arrives 
 ( ) ( ) ( )xBxγxΦ T=           (2.49)
The partial derivatives of ( )xγ  can be obtained by 
 γAPAγ iii ,,, −=           (2.50)
 ( )γAγAγAPAγ ijijjiijij ,,,,,,, ++−=           (2.51)
where the subscripts ( )ji,  denote the coordinate ( )yx, , respectively. The partial 
derivatives of shape function Φ  can be obtained as follows 
 iii ,
TT










,, BγBγBγBγΦ +++=           (2.53)
It should be noted that the MLS shape functions do not satisfy the Kronecker delta 
criterion, i.e., ( ) ijji δϕ ≠x  which accordingly results in ( ) iih uu ≠x . Hence, they are not 
values of interpolation, but rather approximations of a function. 
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2.4.2 Weight function 
The weight function plays an important role in the formulation of the MLS method. 
One is to provide weightings for residues at different nodes within the support domain, 
and the other is to ensure that nodes leave and enter the influence domain in a gradual 
and smooth manner when the point of interest moves.  
In order to function properly, the weight function needs to satisfy the following 
conditions (Monaghan, 1982): 
1) ( ) 0ˆ >− iw xx  over Ω  (Positivity); it is essential to ensure a meaningful representation 
of physical phenomena, though not required mathematically. 
2) ( ) 0ˆ =− iw xx  outside Ω  (Compactness); it enables the approximate function to be 




=Ω− 1ˆ dw ixx  (Partition of unity); it ensures the zero-order consistency ( )0C  of 
the integral form representation of the continuous function. 
4) wˆ  is a monotonically decreasing function (Decay); it ensures that nodes nearer the 
considered point have greater effect on it than those farther form it in the same local 
support domain. 
5) ( ) ( )shsw δ→,ˆ  as 0→h  (Dirac delta function behavior). Actually, if a function 
satisfies the four conditions mentioned above, it will naturally satisfy this condition. 
In fact, the smoothing length h  never goes to zero in practical computations. 
The exponential function and spline functions are often used as weight function in 
practice. Among them, the most commonly used weight functions are listed below.  
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W2: The quartic spline weight function 
















r        (2.55)





















r        (2.56)








xx −==            (2.57)
in which iid xx −=  is the distance from node ix  to the sampling point x , and wr  is the 
size of the support domain for the weight function.  
 
2.4.3 Properties of MLS shape functions 
1) Consistency 
By the definition, the consistency of the meshfree shape functions is the capability of 
shape functions to reproduce the complete order of polynomial (Liu, 2002). The 
consistency of MLS approximation depends on the complete order of the monomial 
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employed in the polynomial basis if the complete order of monomial is k , the shape 
function will possess kC  consistency (Krongauz and Belytschko, 1996; Liu, 2002). 
2) Partitions of unity 
If the constant is included in the basis, the MLS shape function is of partitions of unity. 
3) Lack of Kronecker delta function property 
The MLS approximation is obtained by a special least squares method. The function 
obtained by the MLS is a smooth curve (or surface) and it does not pass through the 
nodal values (as shown in Figure 2.3). Therefore, the MLS shape functions do not, in 
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Table 2.1 Radial Basis Functions with dimensionless shape parameters 
 
Item Name Expression Shape parameters 
1 Multiquadrics (MQ) qccii drR ))(()(
22 α+=x  qc ,0≥α  






rR αx  cα  
3 Thin plate spline (TPS) ηii rR =)(x  η  
4 Logarithmic RBF iiii rrrR log)(


















Figure 2.1 The Pascal’s triangle. 
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Chapter 3 




The meshfree radial point interpolation method (RPIM) has been developed for 2D 
problems and shown very good performance for different types of problems (Liu, 2002). 
As it has been presented in Chapter 2, the RPIM employs the RBFs as the basis function 
which is a function of only the distance between the point of interest and a field node 
used for approximation. So the formulation of the RPIM can be easily extended to three 
dimensions. In this chapter, the 3D RPIM is formulated based on three dimensional 
RPIM approximation and global Galerkin weak form. Similar as in two dimensions, a 
background cell is needed to perform the numerical integration, in which Gauss 
integration scheme is used. 
 
3.2 Radial point interpolation method (RPIM) in three-dimensions 
As presented in Chapter 2, the only variable in the Radial Basis Functions (RBFs) is 
the distance r , so it is easy to extend RPIM shape function to to three-dimensions. 
Consider a function )(xu  defined in a 3D problem domain Ω . The function can be 
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approximated in a local support domain of the point of interest x with a set of arbitrarily 
distributed nodes using radial basis function )(xiR  augmented with polynomial basis 
function )(xjp  (Powell, 1992; Liu, 2002). 
 
1 1
( ) ( ) ( ) ( ) ( )
n m
h T T
i i j i
i j
u R a P b
= =
= + = +∑ ∑x x x R x a P x b   (3.1) 
where n  is the number of RBFs and is also identical to the number of nodes in the local 
support domain of the point of interest x, and m  is the number of polynomial basis 
functions. In the following work, a linear polynomial basis is augmented to the RBFs, i.e., 
4=m  is used in Equation (3.1). Coefficients ia  and ib  are constants yet to be determined. 
In the radial basis function )(xiR , the variable is only the distance between the point of 
interest ( )zyx ,,  and a node at ( iii zyx ,, ), 
 222 )()()( iii zzyyxxr −+−+−=   (3.2) 
There are four types of radial basis functions (RBFs) presented in Table 2.1, and the 
multi-quadrics (MQ) function with real number of parameters is used to construct RPIM 
shape functions in the present work. 
In order to determine the constants ia  and jb , Equation (3.1) is enforced to be satisfied 
at these n  nodes in the local support domain, which leads to a set of n  equations. The 
matrix form of these equations can be expressed as 
 bPaRU mqs +=   (3.3) 
where the vector of function values sU  is  
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 { }Tns uuu ...21=U   (3.4) 

























=R   (3.5) 




























P   (3.6) 
The vector of unknown coefficients for RBFs is  
 { }nT aaa ...21=a   (3.7) 
The vector of unknown coefficients for polynomial is 
 { }mT bbb ...21=b   (3.8) 
There are ( )mn +  unknowns in Equation (3.3), and here m  additional equations need 
to be added. Following m  constraint conditions are applied to obtain the additional 








aP   (3.9) 
Combining Equation (3.3) and Equation (3.9) yields the following set of equations in 
the matrix form, 



























G   (3.11) 
 { }mnT bbbaaa ...... 21210 =a   (3.12) 
Because the moment matrix qR  is symmetric, the matrix G  will also be symmetric. 
Solving Equation (3.10), the unknowns can be obtained as 
 bPRURa mqsq
11 −− −=   (3.13) 
Substituting Equation (3.13) into Equation (3.9) leads to  
 sbUSb =   (3.14) 
where 
 [ ] 111 −−−= qTmmqTmb RPPRPS   (3.15) 
Substituting Equation (3.14) into Equation (3.13), it arrives at 
 saUSa =   (3.16) 
where 
 [ ]bmqa SPRS −= − 11   (3.17) 
Substituting the derived vectors a  and b  into Equation (3.1), the interpolation can be 
expressed as, 
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 ( ) ( ) ( )( )h T Ta b s su  = + = x R x S P x S U Φ x U         (3.18)
where the shape function ( )xΦ  is defined as 
 { } ( ) ( ) bTaTn SxPSxRxxxxΦ +== )(...)()()( 21 ϕϕϕ         (3.19)
The derivatives of )(xu  can be easily obtained as, 
 ( ) ( )[ ] sbTlaTlsllu USxPSxRUxΦx ''', )()( +==         (3.20)
where l  denotes the coordinates x , y  or z . A comma designates a partial differentiation 
with respect to the indicated spatial coordinate that follows. 
 
3.3 Formulations  
Consider the static problem defined in the 3D domain Ω  boundary by Γ . The standard 
partial differential equation and boundary conditions for a 3D solid mechanics problem 
can be given as the follows (Liu, 2002). 
Equilibrium equation: 
 0=+ bσLT   in Ω   (3.21) 
Natural boundary condition: 
 tnσ =⋅   on tΓ     (3.22) 
Essential boundary condition: 
 uu =    on uΓ     (3.23) 
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where L is differential operator; }{ zxyzxyzzyyxx
T τττσσσ=σ  is the stress 
vector, }{ wvuT =u is the displacement vector, }{ zyxT bbb=b  is the body force 
vector, t  is the prescribed traction on the natural boundaries, u  is the prescribed 
displacement on the essential boundaries, and n  is the vector of unit outward normal at a 
point on the neutral boundary. 
The unconstrained Galerkin weak form of Equation (3.21) is posed as the follows (see, 
e.g., Liu, 2002) 




ddd TTT 0)()( tubuDLuuL δδδ     (3.24) 




















































νED    (3.25) 
where E  and v  are Young’s modulus and Poisson’s radio respectively. 
It should be mentioned that Equation (3.24) is a weak-form defined over the global 
problem domain Ω . Although theoretically the constrained Galerkin weak form should 
be used to enforce the global compatibility, it has been found that the unconstrained 
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Galerkin weak form works well with RPIM shape functions (Liu, 2002). Hence, the 
unconstrained Galerkin weak form is used in this work. 
Substituting Equation (3.18), the approximations of )(xu , into Equation (3.24) yields 
 =Kd f   (3.26) 
where K is the stiffness matrix 
 ∫
Ω
Ω= djTiij DBBK   (3.27) 








































B   (3.28) 
In Equation (3.26), d is the vector that collects nodal displacements at all the 





dd iii tbf ϕϕ    (3.29) 
 
3.4 Implementation issues 
3.4.1 Background mesh and numerical integration 
To perform a meshfree method that is based on the global Galerkin weak form, such as 
the EFG method and the present RPIM, a background mesh is required for the purpose of 
numerical integration. In the following work, both 8-node hexahedron-shaped and 4-node 
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tetrahedron-shape background mesh are used. For both types of background mesh, the 
mesh vertices have been used as the field nodes in the problem domain. Although the 
cells of the integration mesh can be independent of the field nodes, there is no harm in 
having them linked together (Liu, 2002). Furthermore, mature algorithms available in the 
public domain can be used for the construction of background cells and field nodes 
together. Based on the background mesh, Gauss integration scheme is used for numerical 
integration.  
 
3.4.2 Two models of support domain 
In order to perform the interpolation, a local support domain must be taken into 
account. Two different models of local support domain are considered, i.e., Model-1 and 
Model-2. Model-1 is simply defined as a spherical domain entered at the point of interest 
(which is often a quadrature point). Then the field nodes within the sphere are used for 
constructing shape functions. The dimension of the support domain is naturally defined 
by the radii of the sphere, which is determined as follows 
 css dd α=        (3.30) 
where sα  is dimensionless size of the support domain, and cd  is the nodal spacing near 
the point of interest x. If the nodes are uniformly distributed,  cd  is simply the distance 
between two neighboring nodes. In the case where the nodes are non-uniformly 
distributed, cd  can be defined as an “average” nodal spacing in the support domain (see, 
e.g., Liu, 2002).  
Chapter 3                                          Meshfree radial point interpolation method (RPIM) for three-dimensional problems 
 52
For Model-2, the number of field nodes in the local support domain will be predefined, 
i.e., n . Then according to the different distances between the field nodes and the point of 
interest, the n  nodes which are the nearest to the point of interest are used for 
constructing shape functions.  
 In the present work, both these two different models of the support domain are 
examined via the numerical example in the following section. 
 
3.5 Numerical examples 
In order to validate the present method, the RPIM is used for displacement and stress 
analysis of 3D solids. The units are all taken as international standard units through the 
thesis and the material of the problems studied is linear elastic.  
 
3.5.1 Analysis of shape parameters through function fitting 
The solutions obtained using the RPIM may first depend on the quality of its shape 
functions. Hence, in this section, the interpolation errors using RBF shape functions are 
examined through fitting a given function. The MQ-RBF is employed for interpolation 
and linear polynomial terms are included in the following studies. 
In the analysis of function fitting, a domain of ( ) [ ] [ ] [ ]1,01,01,0,, ××∈zyx  is considered 
and 729 uniformly distributed field nodes with a constant nodal distance 125.0=cd  are 
used to represent the domain. A total of 512 regularly distributed points of 
( ) [ ] [ ] [ ]95.0,05.095.0,05.095.0,05.0,, ××∈zyx  are used as interpolation points. 
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Because the linear function in 3D is reproduced exactly when linear polynomial terms 
are included in basis function, a harmonic function of 3D is considered, i.e. 
 ( ) zyxzyxf sincossin,, =        (3.31) 
The first-order partial derivative with respect to x  is 
 ( ) zyxzyxf x sincoscos,,' =        (3.32) 
The approximated values of the field function and the first derivative with x  for each 
interpolation point x can be obtained using interpolation as the follows, 




















~ ϕFxΦ        (3.34) 
where iϕ  is the RPIM-MQ shape function, and n  is the number of field nodes used in the 
support domain. Vector sF  collects the true nodal function values for these n  field nodes, 
and if  is the function value for the 
thi  field node. 
































1        (3.36) 
where N  is the total number of the interpolation nodes. 
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The effects of two shape parameters, q  and cα , in the MQ-RBF are first studied. In 
the process of this study, Model-1 of support domain is used and 0.3=sα  is fixed in the 
study. 
 
1) Effect of parameter q   
In the study of the effect of q , 0.4=cα  is fixed. The average fitting errors e  obtained 
for different values of q  are plotted in Figure 3.1. It can be found that a more accurate 
result can be obtained when the value of q  varies between 1 and 3 (but not 1, 2 and 3). 
When 0.4>q , the fitting error is found very large due to the badly conditioned moment 
matrix. However, if the value of q  is identical to 1.0, 2.0, 3.0 and 4.0, the RPIM-MQ will 
fail due to the singularity of the moment matrix. In addition, if q  is too close to 1.0, 2.0 
or 3.0, the condition number of interpolation matrix of RPIM will become bigger, the 
moment matrix will be nearly singular and the results are not stable any more. The 
preferred value of parameter q  is close to 1.0, 2.0 or 3.0, but not equal to these values. 
Therefore, in using RPIM shape functions, one has to strike a good balance between 
accuracy and stability (Liu, 2002).  
 
2) Effect of parameter cα  
The effect of parameter cα  on the results of function fitting is shown in Figure 3.2. For 
comparison, two curves of function fitting errors obtained using 03.1=q  and 83.2=q  
are both plotted in the figure. The value, 03.1=q , which is found by Wang and Liu 
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(2002b), performs the best for most 2D computational problems. The other value, 
83.2=q , leads to the best result in the previous study of parameter q . It can be found, 
when 0.3>cα , the value of the fitting error is very small and changes little with respect 
to either the change of parameter cα  or q .  
 
3) Convergence study 
In the convergence study, Model-1 of the support domain is employed, 03.1=q  
0.4=cα  0.3=sα  are fixed. The convergence curves with respect to nodal refinement 
are plotted in Figure 3.3. Note that h  is actually the nodal spacing cd , which is simply 
the distance between two neighboring nodes as the fields nodes are regularly and evenly 
distributed in this function fitting test. It can be found that RPIM has obtained very good 
convergence rates for fitting both function and its first-order derivative. However, the 
convergence process of the first-order partial derivative with x  is not as stable as the 
process of the function. 
It should be noted here that the interpolation error is only one part of total error in a 
meshfree method in solving a problem of computational mechanics. The studies of shape 
parameters presented in this section are only to check the interpolation quality and the 
reproducibility of using RPIM-MQ shape functions. The accuracy will be also studied in 
the following sections in the analysis of actual problems of computational mechanics. 
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3.5.2 A 3D cantilever beam 
A 3D cantilever beam as shown in Figure 3.4 is studied to benchmark the present 
method. The left end of the beam is fixed and the right end is subjected to a parabolically 
distributed downward traction. The parameters are taken as 1000−=P , 50=L , 
10=H , 1=B , 7100.3 ×=E Pa and 3.0=v . As the beam is relatively thin, a plane stress 
problem can be considered to yield the analytical solution (Timoshenko and Goodier, 
1970). This analytical solution is used as the reference solution in the study. 






















Puy νν    (3.38) 
where the moment of the inertia I  of the beam is given by 12/3HI = . 





)( −−=σ   (3.39) 










xyσ   (3.41) 
 
1) Effect of shape parameters and dimension of support domain 
In the following studies, the effects of parameters q , cα and the dimension of the 
support domain on the displacements results are investigated via the problem of the 
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cantilever beam. The problem domain is represented by 1122 regularly distributed field 
nodes, and 500 hexahedron-shaped background cells are used for numerical integration. 
In each background cell, 444 ×× Gauss points are employed. The error indicator is 

















1        (3.42) 
where iV  denotes the displacement in y  direction of the 
thi  node, N  is the total number 
of field nodes and the superscripts RPIM and reference  denote the RPIM and reference 
solutions respectively. 
• Effect of parameter q  
In the investigation of parameter q , cα  is fixed at 4.0. Model-1 of the support domain 
is used and sα is fixed at 3.0. Errors defined in (3.42) for different values of q  are 
computed and plotted in Figure 3.5. It can be found that when q  in the range of 
0.3~0.1 (but not 1, 2, and 3), the value of error is very small and changes very little with 
respect to the change of q . The figure also shows that for this particular case, 28.3=q  
leads to the best result, and, when 28.3>q , the error will significantly increase because 
of the big condition number of the moment matrix.  
• Effect of parameter cα  
The effects of cα  is studied for a wide range of 0.10~0.1  with Model-1 of the support 
domain employed and sα is fixed at 3.0. Errors for different values of cα  are plotted in 
Figure 3.6. For comparison, two values of parameter q  are employed. One value is 1.03, 
and the other one is 3.28, which has been found to produce the best result in the 
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previously study. The figure shows that when 0.3>cα , the method can obtain a more 
accurate and stable result, and the difference between the results, obtained using 03.1=q  
and 28.3=q  respectively, is very little. 
• Effect of the dimension of support domain 
In the process of this study, 03.1=q  and 0.4=cα  are fixed. Two curves obtained 
using two models of the support domain respectively are plotted in Figure 3.7. 
Considering that too many nodes in the support domain will increase computational time, 
the use of 70~20  nodes gives a better result for these two models of the support domain. 
The figure also shows that Model-2 performs better than Model-1. This can be explained 
as the follows. By using Model-1, fewer nodes will be used in the support domain when 
the point of interest is located near or at the boundaries. Using Model-2, there will not be 
such a problem, as a fixed number of nearby nodes are alwayse used. 
It should be noted that more nodes are used in a local support domain for 
approximation compared with FEM, and usually the meshfree RPIM is computationaly 
more expensive. To improve the efficiency of the method, the skyline technique has been 
used in programming the RPIM code for three dimensional problems. 
In the following studies, 03.1=q  and 0.4=cα  are used which have been found 
perform well in most 2D computational problems that have been investigated so far (Liu, 
2002; Wang and Liu, 2002b); Model-2 is employed based on the studies previously. 
 
2) Numerical results of the cantilever beam 
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In the analysis of the 3D cantilever beam, both a regular nodal distribution and an 
irregular nodal distribution, shown respectively in Figure 3.8 and Figure 3.9, are 
employed. For the regular nodal distributed model, there are totally 2223 field nodes and 
1344 hexahedron-shaped background integration cells, in each tetrahedron cell, 444 ××  
Gauss points are used to evaluate the stiffness matrix; for the irregular nodal distributed 
model, 1620 field nodes and 4447 tetrahedron-shaped background integration cells are 
used, 4 Gauss points are employed in each tetrahedron cell in the process of integration. 
As Model-2 of support domain is employed, 55 and 52  field nodes are involved in the 
support domains for regular and irregular nodal distribution respectively.  
Figures 3.10~3.12 show the comparisons between the analytical solutions and the 
RPIM results, in which Figure 3.10 shows the distribution of displacement in y  direction 
along the neutral axis, Figure 3.11 and Figure 3.12 show the distribution of the normal 
and shear stress along the middle line respectively.  All these plots indicate that the 
results obtained using RPIM in 3D for both regular and irregular nodal distribution 
models are in good agreement with the reference solutions. Another conclusion is that, 
the irregularity of nodal distribution has little effect on the result of the RPIM. 
 
3.5.3 Lame problem 
The 3D Lame problem consists a hollow sphere with inner radius a  and outer radius 
b  and subjected to internal pressure p , as shown in Figure 3.13. For this benchmark 
problem, the analytical solution is available in polar coordinate system (Timoshenko and 
Goodier, 1970).  
Chapter 3                                          Meshfree radial point interpolation method (RPIM) for three-dimensional problems 
 60











rpaur νν ＋＋       (3.43) 





−=σ        (3.44) 







+=θσ        (3.45) 
where r  is the radius distance from the centroid of the sphere to the point of interest in 
the sphere.  
As the problem is spherically symmetrical, only one-eighth of the sphere is modeled 
and symmetry conditions are imposed on the three planes of symmetry. The numerical 
solution of this problem has been calculated using the material 
parameters 0.1=E Pa, 3.0=v , geometric parameters 1=a , 2=b  and internal 
pressure 1=p . Model-2 of support domain is adopted and 45 nodes are used in the local 
support domain. The problem domain is presented using 729 irregularly distributed nodes. 
The computed nodal displacements and stresses along the x  axis are plotted in Figure 
3.14 and Figure 3.15, respectively. It is observed that the RPIM obtains comparable 
numerical results compared with the analytical ones. 
 
3.5.4 A 3D axletree base 
In this example, the displacement analysis of an axletree base is studied using the 
present RPIM-3D code. As shown in Figure 3.16, the axletree base is symmetric about 
the zy −  plane, subjected to a uniformly distributed force along a line and fixed in the 
locations of four lower cylindrical holes and the bottom plane. The parameters are taken 
Chapter 3                                          Meshfree radial point interpolation method (RPIM) for three-dimensional problems 
 61
as 7100.3 ×=E Pa and 3.0=v . The value of the uniformly distributed force is 5000 . 
Numerical results at point K  Line 1 and Line 2 (marked in Figure 3.16) will be examined 
in our study. 
    First, for the displacement distribution along Line 1, Line 2 and at point K, a reference 
solution is obtained using FEM software ABAQUS with a very fine mesh of high order 
elements (ten-node tetrahedron element). Then the displacement results are obtained 
using the RPIM and FEM (four-node tetrahedron element is employed) respectively 
using exactly the same distribution of nodes for comparison.  
Figure 3.17 and Figure 3.18 show the displacement distribution along Line 1 and Line 
2 obtained using the RPIM and the FEM respectively under the same condition (totally 
4571 irregular distributed field nodes and 20561 tetrahedron-shaped background cells). It 
can be found that, the results obtained using the RPIM closely matches the corresponding 
reference solution and are much closer to the reference solutions than that obtained using 
FEM using a linear element. 
The numerical solution of displacement in x  direction of Point K  (show in Figure 
3.16) is obtained using both the RPIM and linear FEM via different nodal disttributioin. 
The numerical results are listed in Table 3.1 together with the reference one which is 
obtained using ABAQUS. It can be found that both the numerical solutions of RPIM and 
FEM converge to the reference with the increasing of field nodes. But the results of 
RPIM is closer to the reference one than the FEM, i.e., the RPIM obtains more accurate 
results compared with the FEM for this problem. 
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3.6 Remarks 
The RPIM was extended to three dimensional problems in this chapter. Effect of 
parameters has been investigated in detail and some numerical examples of 3D solids 
have studied using the present method. Base on the study conducted, following 
conclusions can be drawn: 
1) The RPIM shape functions constructed using RBF augmented with polynomial 
possess the following features in three dimensions. 
•    The RPIM shape functions possess the Delta function property, which allows 
straightforward imposition of essential boundary conditions at nodes. 
•   The RPIM shape functions are capable of reproducing what is contained in the 
basis, which is essential for any numerical method to produce accurate solution. 
•   The RPIM shape functions have a good convergence capability. This allows 
the error of the approximation of function that is sufficiently smooth to approach 
zero when the nodal spacing is reduced sufficiently small. 
2) Based on the study of function fitting and the numerical example, the remarks of the 
effect of some shape parameters are noted as follows. 
• For parameter q , the value in the range of 0.3~0.1 (but not 1, 2, and 3) is 
recommended for 3D problems, and 03.1=q  is a robust choice, which has been 
found works well for 2D problems.  
• For parameter cα , when its value is bigger than 3.0, the method can obtain a 
better result and 0.4=cα  is a robust and consistent choice in the RPIM. 
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• For the two models of the support domain presented in this chapter, Model-2 
performs better for most 3D problems especially when the geometry of the 
domain is complicated. For Model-1, 0.3=sα  is recommended; for Model-2, 
70~20  nodes in the local support domain are preferred. 
3) The numerical results of some 3D benchmark problem show that the RPIM can 
obtain very accurate results. The comparison study of the axletree has shown that the 
RPIM can be more accurate than the linear FEM for this particular problem. However, 
as more nodes are used in the local support domain for constructing RPIM shape 
functions, the RPIM is more expensive compared with the FEM. 
In a summary, the RPIM is a very stable, robust and reliable numerical method for 
displacement and stress analysis of three dimensional solids. 
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Table 3.1 Comparison study on displacement results ( xu ) of node K  for the axletree base 











1055 0.68969E-03 10.4380 0.59484E-03 22.7551 
1936 0.71362E-03 7.3305 0.64067E-03 16.8037 
3009 0.74474E-03 3.2893 0.66332E-03 13.8624 
4108 0.75289E-03 2.2310 0.67795E-03 11.9625 
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Figure 3.1 Error in function fitting using RPIM shape functions with different q (MQ-RBF 
augmented with linear polynomials is used with shape parameter 0.4=cα  and Model-1 of the 

























Figure 3.2 Error in function fitting using RPIM with different cα (MQ-RBF augmented with 
linear polynomials is used and Model-1 of the support domain is used with 0.3=sα ). 
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Figure 3.3 Convergence study of RPIM shape functions via function fitting (MQ-RBF 
augmented with linear polynomials is used with shape parameter: 03.1=q  and 0.4=cα ; 
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Figure 3.5 Effect of parameter q  on the displacement results obtained using RPIM. (Error is 
defined by Equation (3.41); a total of 1122 regularly distributed field nodes and 500 
hexahedron-shaped back ground cells are used; MQ-RBF augmented with linear polynomials 





















Figure 3.6 Effect of parameter cα  on the displacement results obtained using RPIM. (Error is 
defined by Equation (3.41); a total of 1122 regularly distributed field nodes and 500 
hexahedron-shaped back ground cells are used; MQ-RBF augmented with linear polynomials 
is used with shape parameter 03.1=q  and Model-1 of the support domain is used with 
0.3=sα ). 
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Model-1 of support domain
Model-2 of support domain
 
Figure 3.7 Effect of the dimension of the support domain on the RPIM (Error is defined by 
Equation (3.41); a total 1122 regularly distributed field nodes and 500 hexahedron-shaped 
back ground cells are used; MQ-RBF augmented with linear polynomials is used with shape 
















Figure 3.8 Regular nodal distribution for the cantilever (A total of 2223 regular field nodes and 
1344 hexahedron-shaped background cells are used) 
 




Figure 3.9 Irregular nodal distribution for the cantilever (A total of 1620 irregular field nodes and 





































Figure 3.10 Displacement ( yu ) distribution along the neutral axis (MQ-RBF augmented with 
linear polynomials is used with shape parameter 03.1=q  and 0.4=cα ; Model-2 of the 
support domain is used, 52 and 55 field nodes are involved in the support domain for regular 
and irregular nodal distribution respectively). 
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Figure 3.11 Normal stress distribution along the line of 2/Lx = , 0.0=z  (MQ-RBF augmented 
with linear polynomials is used with shape parameter 03.1=q  and 0.4=cα ; Model-2 of the 
support domain is used, 52 and 55 field nodes are involved in the support domain for regular 
and irregular nodal distribution respectively). 
 
 
























Figure 3.12 Shear stress distribution along the line of 2/Lx = , 0.0=z  (MQ-RBF augmented 
with linear polynomials is used with shape parameter 03.1=q  and 0.4=cα ; Model-2 of the 
support domain is used, 52 and 55 field nodes are involved in the support domain for regular 
and irregular nodal distribution respectively).  
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Figure 3.16 3D model of an axletree base  
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Figure 3.18 Distribution of displacement xu  along Line 2 of the axletree base  
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Chapter 4 
A nodal integration technique for meshfree radial point 
interpolation method (NI-RPIM) 
 
4.1 Introduction 
Numerical integration plays an important role in the process of a meshfree weak form 
method. Gauss integration scheme is commonly used for integration of weak form 
methods. As we know, the finite element method uses Gauss quadrature in each element 
to integrate the weak form. For most of meshfree methods based on Galerkin weak form, 
error will be involved in the process of numerical integration due to the complexity 
involved in Gauss integration (Dolbow and Belytschko, 1999). Then some types of nodal 
integration schemes have been developed to perform the numerical integration. 
The core idea of a nodal integration scheme is to use nodes as the integration sampling 
points. Nevertheless, a nodal integration scheme without extra measurement of 
stabilization, which is called ‘direct nodal integration’, may be plagued by spurious 
oscillation which also occurs in the finite difference method (Sze et al., 2004). To resolve 
this problem, attempts have been made by other authors. Beissel and Belytschko (Beissel 
and Belytschko, 1996) proposed a stabilized nodal integration scheme by adding a term, 
which contains the square of the residual of the governing equation, to the potential 
energy functional in the element-free Galerkin (EFG) framework. Another study by 
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Dolbow and Belytschko (Dolbow and Belytschko, 1999) examined the error of Gauss 
integration in Galerkon meshfree methods and demonstrated that considerable integration 
error will be produced when quadrature cells do not align with the local support domain 
for the construction of shape function. Bonet and Kulasegaram (Bonet and Kulasegaram, 
1999) presented an integration correction to improve the accuracy of nodal integration. 
For linear patch test, correction terms are added to the shape function derivatives and the 
coefficients of correction terms at discrete nodes are solved by satisfying a linear patch 
test condition using an iterative procedure.    
In this work, an alternative, stable and simply nodal integration technique for meshfree 
weak form methods is proposed and implemented in the process of numerical integration 
for the RPIM. In this nodal integration scheme, Taylor’s expansion is used to serve as the 
stabilization terms, which have been employed in FEM (Liu et al., 1985) and other 
meshfree methods (Liu et al., 1996; Nagashima, 1999). In Nagashima’s work, the MLS 
shape functions are used and first-order of Taylor series expansion to the strain matrix is 
employed for stabilization. In the present work, the formulation is based on the RPIM, 
the expansion is applied to the entirety of DBBT   and it is expanded up to second-order. 
In this case, third-order derivatives of shape functions are required for linear elasticity 
problems. The RPIM shape functions created using RBFs perform well to the 
requirement, as it is one-piecely differentiable to any order in the integration domain (Liu, 
2002). It is also noted that the expansion of DBBT  to second-order is crucial, because the 
first order term will vanish for symmetrical integral domain and has no stabilization 
effect. The meshfree radial point interpolation method using the nodal integration scheme 
presented above is named as NI-RPIM. The NI-RPIM is examined in detail using a 
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number of benchmark examples, and applied to stress analysis of an automotive 
component. This integral scheme is formulated based on the simple Taylor series 
expansion and hence it is very easy to implement in any meshfree weak form method for 
stable nodal integration.  
 
4.2 Discretized system equations 
Consider a two-dimensional solid problem defined in domain Ω  bounded by 
Γ ( ut Γ+Γ=Γ ), the governing equations of this problem can be expressed as follows 
(Liu, 2002). 
Equilibrium equation: 
 0=+ bσLT                 in Ω   (4.1) 
Natural boundary condition: 
 tnσ =⋅   on tΓ   (4.2) 
Essential boundary condition: 























TL  is differential operator; }{ xyyyxx
T τσσ=σ  is the stress 
vector, }{ vuT =u  is the displacement vector, }{ yxT bb=b  is the body force vector, t  
is the prescribed traction on the natural boundaries, u  is the prescribed displacement on 
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the essential boundaries, and n  is the vector of unit outward normal at a point on the 
natural boundary. 
The unconstrained Galerkin weak form of Equation (4.1) is as follows (Liu, 2002), 
 ( ) ( ) 0TTT =Γ−Ω−Ω ∫∫∫ ΓΩΩ t ddd tubuDLuuL δδδ   (4.4) 























































1D    For plane strain problem  (4.6) 
where E  is Young’s modulus and v  is Poisson’s ratio. 
Substituting the RPIM approximation Equation (2.37) into Equation (4.4) yields, 
 =Kd f   (4.7) 
where d is the vector of nodal displacement at all the unconstrained nodes and  
 ∫Ω Ω= djiij DBBK T   (4.8) 
 ∫∫ ΩΓ Ω+Γ= dd iii t btf ϕϕ   (4.9) 
in which 
























B   (4.10) 
 
4.3 Nodal integration scheme based on Taylor’s expansion 
Consider now an integral, 
 ( ) Ω= ∫Ω dfI x   (4.11) 
where ( )xf  is an arbitrary integrable function, which is, for example, a component of 
matrix ji DBB
T  given in Equation (4.8); Ω  is the domain of the problem, that is 
represented by a set of N  nodes distributed in the problem domain. 
In a nodal integration scheme, the domain Ω  is divided into a set of non-overlapping 







. Then the 
integration, Equation (4.11), can then be expressed as  






x   (4.12) 
In a meshfree method based on weak-form, a background mesh is needed for the 
implementation of numerical integration. For the present method, a background mesh is 
used for constructing the nodal integration domain for each node. The background mesh 
is not used for shape function construction which is constructed using a same set of nodes 
located in a local support domain. The independance of mesh from shape function 
construction has many advantages including the improvement in accuracy, which will be 
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observed later in examples. This fact has also been found in many other existing works 
(Belytschko et al., 1994; Atluri and Zhu, 1998; Chen et al., 2001). It is very clear that one 
does not have to use mesh for shape function construction. In the present work, the mesh 
is also only used for integration purpose. 
The question now is how to evaluate ( ) idf
i
Ω∫Ω x  over the nodal integration domain 
iΩ . Here a novel and simple approach based on the Taylor series extension is presented. 
The basic idea of this approach is to extend the integral function to some terms of Taylor 
series, and the integration will be approximately performed on these terms. Note that the 
integrand ( )xf  is required to be differentiable within the integration domain when it is 
extended to be terms of Taylor series. Therefore, RPIM shape functions are constructed 
using the same set of nodes in each integration domain. A shape function so-constructed 
is one-piece, and hence is differentiable to any order in the integration domain. Note that 
the discontinuity will occur on the interfaces of the integration domains, and hence causes 
the non-conformability, which is omitted in this work, as it is controlled by the use of 
RBF shape functions with proper shape parameters (Liu, 2002). Note that this kind of 
non-conformability exists for all the meshfree methods based on weak-form and nodal 
integration even the ones using MLS shape functions, unless strain smoothing technique 
is used (Chen et al., 2001; Liu et al., 2005a; Liu and Zhang, 2006). 
    For comparison, the EFG method based on nodal integration is also coded, in which 
shape functions are obtained using the MLS method (Belytschko et al., 1994). For 
convenience, this method is named as NI-MLS. It is known that the MLS shape functions 
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can be constructed to satisfy the compatibility condition and the continuity of the field 
function approximation is ensured (Liu, 2002). 
 
4.3.1 Formulations of nodal integration for 1D problems 
 To explain the method more clearly, the formulations for one-dimensional problems 
will be first presented. Based on Taylor series extension, a continuous function )(xf  can 









xxfxfxf ++≈   (4.13) 
where the 3rd order and above are truncated.  
































































  (4.14) 
Considering now a one-dimensional problem, the problem domain is presented by a set 
of nodes, as shown in Figure 4.1 and Figure 4.2. The integrand of ( )xf  is now a 
component of the matrix j
T
i DBB  (see Equation (4.8)). When the field nodes are regularly 
distributed, by using Equation (4.14), the numerical integration for the thi  node can be 
performed as follows. 
For an internal node, the integration can be applied as 
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      3'' )(
24
10)( axfaxf ii ++=  
 
(4.15) 
where a  is the nodal spacing as shown in Figure 4.1. 






 −+−=∫ 0)2()(610)2()(21)02)(()( 3''20 2' axfaxfaxfdxxf i
a
ii  






1 axfaxfaxf iii ++=  
 (4.16) 
For the node located at the right end of the 1D domain,  
 
( ) ( ) ( ) ( )2 30 ' ''
2
1 10 0 0
2 2 2 6 2a i i i
a a af x dx f x f x f x−
        = + + − − + − −                   ∫  
                   ( ) ( ) ( )' 2 '' 31 1 1
2 8 48i i i
f x a f x a f x a= − +  
 
(4.17) 
    When the field nodes are irregularly distributed, Equations (4.15), (4.16) and (4.17) 
can be expressed as follows. 
For an internal node: 
 

























1 33''22' baxfabxfbaxf iii ++−++=  
 
(4.18) 





 −+−=∫ 0)2()(610)2()(21)02)(()( 3''20 2' cxfcxfcxfdxxf i
c
ii   (4.19) 
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1 cxfcxfcxf iii ++=  


















0)(()( dxfdxfdxfdxxf id ii  






1 dxfdxfdxf iii +−=  
 
(4.20) 
where cba ,,  and d  are nodal spacing for the irregularly distributed nodes as shown in 
Figure 4.2. 
 
4.3.2 Formulations of nodal integration for 2D problems 
Applying Taylor series extension, a two-dimensional (2D) continuous function ( )yxf ,  















∂+≈  (4.21) 
The integration for function ( )yxf ,  over the nodal integration domain iΩ  can be 
expressed as, 
 























                       ( ) ( )∫∫∫∫∫∫ ΩΩΩ Ω+Ω+Ω= iii ydyxfxdyxfdyxf yx 00,00,00 ,,1),(  
                         ( ) ( ) ( )∫∫∫∫∫∫ ΩΩΩ Ω+Ω+Ω+ iii dyyxfxydyxfdxyxf oyyxyxx 20,00,200, ,21,,21
                       xiyyixi MyxfMyxfAyxf ),(),(),( 00,00,00 ++=  
(4.22) 
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00,00,00, +++  
where iA  is the area of the nodal integration domain of the 
thi  node, 
 ∫∫=
iA
ixi ydAM               ∫∫=
iA
iyi xdAM   (4.23) 




2            ∫∫=
iA
iyyi dAxM
2         ∫∫=
iA
ixyi xydAM   (4.24) 
are the area moments of 2nd order for the integration domain of the thi  node. 
The integration for function ( )yxf ,  along the boundary line can be formulated as 
 












         ( ) ( )∫∫∫ ΓΓΓ ++= ydlyxfxdlyxfdlyxf yx 00,00,00 ,,1),(  
                       ( ) ( ) ( )2 2, 0 0 , 0 0 , 0 01 1, , ,2 2xx xy yyf x y x dl f x y xydl f x y y dlΓ Γ Γ+ + +∫ ∫ ∫  
 
(4.25) 
    To apply the nodal integration technique, a background cell is needed to divide the 
problem domain into nodal integration domains, each of which includes a node. When 
the nodes are regularly distributed, a rectangular domain can be used as the nodal 
integration domain iΩ  (illustrated in Figure 4.3), and the union of all the rectangles 
forms the problem domain. As shown in Figure 4.4, when the nodes are irregularly 
distributed, a tessellation can always be generated automatically by joining the centroids 
of the triangles and the mid-edge points (Ferzige and Peric, 1999). 
According to Equation (4.22), the area iA , the moments yyixxiyixi MMMM ,,,  and xyiM  
for the thi  field node can be calculated during the pre-process stage for later use in the 
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numerical integration, because they depend on only the geometry of the nodal integration 
domain. 
4.4 Numerical examples 
Several numerical examples are studied in this section. The materials used in the 
examples are all linear elastic with Young’s modulus 7100.3 ×=E Pa and poisson’s 




























                (4.26) 







11                 (4.27) 
 where the superscript exact notes the exact or analytical solution, numerical  notes a 
numerical solution obtained using a numerical method including the present NI-RPIM, 
and A  is the area of the problem domain. 
 
4.4.1 A one-dimension bar subjected to body force 
A simple benchmark problem of 1D bar subjected to body force is studied first. The 






xuE             ( )100 ≤≤ x                 (4.28) 
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 0)0( =u , 0)10( =u                 (4.29) 









5)( 3 +−=                 (4.30) 
In this study, eleven regularly distributed nodes are used. Solutions of field function u  
and its derivative dxdu /  are first obtained using the present method, and compared with 
the analytical solutions, as shown in Figure 4.5. It shows that the numerical solutions of 
both the function values and their first-order derivatives are in good agreement with the 
analytical solutions.  
 
4.4.2 A one-dimensional problem with non-polynomial solution 





ud       ( )10 ≤≤ x                 (4.31) 
 1)1()0( ,, == xx uu                       (4.32) 





15cos)( +−=                 (4.33) 
which is not in polynomial form. 
The numerical solutions of ( )xu  and ( ) dxxdu /  are obtained using the present method 
with eleven regularly distributed nodes, and the results are shown in Figure 4.6 and 
Figure 4.7 together with the analytical solutions. A very good agreement is again 
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observed. A convergence study is also performed by using seven different nodal densities 
(4, 7, 13, 25, 49, 97 and 193 regular nodes). The error results of function value computed 
using Equation (4.26) is shown in Figure 4.8 against the average nodal spacing h. The 
convergence rate of NI-RPIM for this problem is about 94.1 , which is the value of the 
slope of the line in Figure 4.8. 
4.4.3 A cantilever beam 
A benchmark problem of 2-D cantilever beam as shown in Figure 4.9 is now studied. 
The beam is subjected to a parabolic downward traction at the free end. As the beam has 
a unit thickness, it can be taken as a plane stress problem and the analytical solutions of 























Puy νν                 (4.35) 
where the moment of the inertia of the beam is given as 12/3DI = . 





)( −−=σ                 (4.36) 










xyσ                 (4.38) 
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The values of the parameters are taken as: 10,50 == DL  and 1000−=P . 
1) Effect of shape parameters 
First, the effect of two shape parameters ( )cq α,  in MQ-RBF that used to create the 
RPIM shape functions is studied through this benchmark problem. The problem domain 
is represented by 196 regular nodes and 181 irregular nodes (as shown in Figure 4.10). In 
the process of the study of q , cα  is fixed at 4.0, a circular local support domain is used, 
and sα  is fixed at 3.0. For different values of q  (varies form 0.01 to 1.98), error of 
displacement defined in Equation (4.26) is computed using the present NI-RPIM method 
and plotted in Figure 4.11. Note that the value of q  must not be an integer number, 
because it will cause the failure of the RPIM due to the singularity of the moment matrix 
(Liu, 2002). Figure 4.11 shows that a range of 0.1~4.0  for parameter q  will lead to 
better results for both regular and irregular nodes distribution. Based on previous study 
results (Liu, 2002), 03.1=q  was found good and hence is used in the present method. In 
the following study of effect of parameter cα , a circular support domain is used and sα  
is fixed at 3.0. Value of cα  varies form 1.0 to 7.0 and the errors of displacement obtained 
using the present method are plotted in Figure 4.12. The figure shows that a value of cα  
around 4.0 will lead to better results for both regular and irregular nodes distributions. It 
is consistent with the previous conclusions obtained by other authors (Wang and Liu, 
2002b; Liu et al., 2005). Therefore 0.4=cα  is used in this work for the following 
problems. 
 
2) Effect of dimension of the local support domain  
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The dimension of the local support domain controls the number of field nodes used in 
the RPIM shape function construction, and can affect the numerical results. Values of 
shape parameters are fixed as ( )0.4,03.1 == cq α , different values of sα  are examined 
and the displacement errors obtained for regular and irregular nodes distribution are 
plotted in Figure 4.13, respectively. Based on this study, sα  of 2.5~3.5 that includes 
12~40 field nodes provides good results and is used in this work.  
 
3) Numerical results of the cantilever beam 
The beam is studied using both the regular and irregular modes of nodes distribution 
(shown in Figure 4.10). The numerical results of displacement in y  direction along the 
neutral line and the shear stress along the middle line are obtained using the present 
method with 196 regular and 181 irregular nodes distribution and plotted in Figure 4.14 
and Figure 4.15, respectively. The pictures show that the numerical solutions of 
displacement and stress components are all in good agreement with the analytical ones 
and the mode of nodal distribution has little effect on the results.  
 
4) Comparison study of convergence and efficiency 
To study the properties of convergence and efficiency, the cantilever beam is studied 
using three models of regular nodes (85, 297, and 1105 nodes distribution). Four different 
methods are used in the analysis: the traditional FEM with 4-node quadrilateral element, 
the original RPIM with Gauss integration scheme, the NI-MLS method and the present 
NI-RPIM. For the RPIM using Gauss integration, 22×  Gauss points are employed for 
each quadrilateral background cell. The NI-MLS is formulated using linear and quadratic 
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polynomial basis functions respectively and they are labeled, respectively, as linear NI-
MLS and quadratic NI-MLS in this work. The results of displacement and energy errors 
against h  are plotted in Figure 4.16 for these four methods, where h  is the average nodal 
spacing for the nodes distribution. The picture shows that the RPIM, the quadratic NI-
MLS, and the present NI-RPIM is more accurate than the FEM and the linear NI-MLS. In 
Figure 4.17, the errors of the numerical results obtained using these four methods are 
plotted against the CPU time consumed, which shows the efficiency. It can be found that 
these three methods, i.e. the RPIM, the quadratic NI-MLS, and the NI-RPIM, are more 
efficient than the FEM. Compared with the original RPIM with Gauss integration, the NI-
RPIM is more efficient when using the present simple nodal integration scheme.  
 
4.4.4 An infinite plate with a hole 
An infinite plate with a hole ( 10=a ) subjected to a tensile ( )10=xT  is examined. Due 
to two-fold symmetry, only one quarter with the dimension of 50=b  is modeled, as 
shown in Figure 4.18. In the model, the analytical solutions of stress components are 
applied on the boundaries at 50=x  and 50=y . The essential boundary conditions are, 
 
( ) ( )5010,00 ≤≤== yxu                   
( ) ( )5010,00 ≤≤== xyv                 (4.39) 
The analytical solution of this problem is used below (Timoshenko and Goodier, 1970), 
 















u xr    (4.40) 
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The stress components corresponding to the analytical displacements are 
















aTxxx                            (4.43) 


















aTxyy                               (4.44) 


















aTxxy                                 (4.45) 
In this study, the problem is analyzed as plane stress and the domain is represented by 
489 irregularly distributed nodes. The numerical displacement solutions along two 
boundary lines ( )0;0 == yx  and the normal stress solutions along the line ( )0=x  are 
plotted in Figure 4.19 and Figure 4.20, respectively. Figure 4.19 shows that the 
displacement results obtained using the present method are in a very good agreement 
with the analytical solutions for this benchmark problem. Figure 4.20 shows that the NI-
RPIM obtains a comparable stress solution. The figure shows that the numerical solution 
of stress components near the right end of the edge is not very good compared with the 
analytical solution. For the point of interest along the edge, fewer nodes are used in the 
local support domain and it will cause the worse results as shown in Figure 4.20. 
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4.4.5 Internal pressurized hollow cylinder 
A hollow cylinder subjected to internal pressure (shown in Figure 4.21) is also 
analyzed. The cylinder is of internal radius 10=a , outer radius 25=b , and internal 
pressure 100=p . Plain strain condition is considered and the analytical solutions can be 
written as (Timoshenko and Goodier, 1970), 
































θσ                                   (4.48) 
The problem is discretized by 123 irregularly distributed nodes (shown in Figure 4.21). 
The numerical solutions using the present method are plotted in Figure 4.22 and Figure 
4.23. The figures show that both the displacement and stress solutions obtained using the 
present NI-RPIM method, coincide well with the analytical ones.  
 
4.4.6 An automotive part: connecting rod 
A typical connecting rod used in automobiles, as shown in Figure 4.24, is studied using 
the NI-RPIM. The value of the pressure is 100 units. As shown in Figure 4.25, the rod is 
discretized using 592 irregularly distributed nodes. Along the middle dashed line (shown 
in Figure 4.24), the displacement and the normal stress components in x  direction of the 
nodes are plotted. Because the exact solution is not available, the reference solution is 
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obtained using the FEM with a very fine mesh of 7756 6-node triangular elements. The 
numerical solutions obtained using the present method are plotted in Figure 4.26 and 
Figure 4.27 with the reference ones. The figures show that, the present method can obtain 
very good results of both the displacement and stress components. 
 
4.5 Remarks 
In this chapter, a nodal integration technique for meshfree radial point interpolation 
method (NI-RPIM) is presented. This method employs radial basis functions (RBFs) 
augmented with polynomials to construct shape functions. Galerkin weak form is used 
and a nodal integration scheme based on Taylor series extension is introduced to perform 
the numerical integration. Some numerical examples are examined and the effects of 
shape parameters as well as the dimension of the local support domains are investigated. 
From the research work, the following conclusions can be drawn. 
• The RPIM Shape functions generated using RBFs augmented with polynomials 
possess the Delta function property, which allows straightforward imposition of 
essential boundary conditions at nodes. 
• Based on the study of examples in this chapter and the previous works on RPIM, 
03.1=q  and 4=cα  are recommended for NI-RPIM. 
• For the circular support domain, 5.3~5.2=sα  which includes 12 ~ 40 field 
nodes are suggested. 
• The benchmark numerical examples show that the results obtained using the 
present nodal integration technique is accurate and stable. 
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• Compared with the linear FEM, the NI-RPIM is more accurate and efficient; 
compared with the original RPIM using Gauss integration scheme, the NI-RPIM 
can achieve higher convergence rate and efficiency; compared with the NI-MLS, 
the NI-RPIM performs much better than the linear NI-MLS and is almost in the 
same level of performance of quadratic NI-MLS. 
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Figure 4.6 Exact and numerical solutions of u  for the one-dimensional problem with 
trigonometric form of solution 
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Figure 4.7 Exact and numerical solutions of dxdu /  for the one-dimensional problem with 



























Figure 4.8 The convergence study of the present method by using the one-dimensional bar 
problem (The convergence rate is about 1.94) 
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Figure 4.11 Effect of parameter q  on the displacement results for the cantilever beam  
(196 and 181 nodes are used for regular and irregular nodes distribution; 0.4=cα  





























Figure 4.12 Effect of parameter cα on the displacement results for the cantilever beam  
(196 and 181 nodes are used for regular and irregular nodes distribution; 03.1=q and 0.3=sα ).
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Figure 4.13 Effect of dimension of the local support domain on the displacement results for the 
cantilever beam (196 and 181 nodes are used for regular and irregular nodes distribution; 






























Figure 4.14 Deflection distribution along the neutral line of the cantilever beam 
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Figure 4.16 Comparison of convergence of four different methods, i.e. the FEM, the RPIM, the NI-
MLS and the NI-RPIM. (The cantilever beam is used for examination. In the FEM, 4-node 
quadrilateral element is used; in the RPIM, Gauss integration is used with the parameters of 
0.4=cα , 03.1=q  and 0.3=sα ; in the NI-MLS, linear and quadratic polynomial basis functions 
are both used with the cubic weight function; in the NI-RPIM, the present nodal integration technique 
is used with the parameters of 0.4=cα , 03.1=q  and 0.3=sα .) 
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Figure 4.17 Comparison of efficiency of four different methods, i.e. the FEM, the RPIM, the NI-
MLS and the NI-RPIM. (The cantilever beam is used for examination. In the FEM, 4-node 
quadrilateral element is used; in the RPIM, Gauss integration is used with the parameters of 
0.4=cα , 03.1=q  and 0.3=sα ; in the NI-MLS, linear and quadratic polynomial basis functions 
are both used with the cubic weight function; in the NI-RPIM, the present nodal integration 
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Figure 4.20 Stress distribution along the boundary line ( )0=x  











Figure 4.21 A quarter model of hollow cylinder subjected to internal pressure and the illustration of 
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Figure 4.22 Displacement distribution along the boundary line ( )0=x  
10 15 
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Figure 4.24 Model of the connecting rod used in automobiles 


















































Figure 4.26 Displacement distribution along the middle line 
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Chapter 5 
Linearly conforming point interpolation method (LC-
PIM) for two-dimensional problems 
 
5.1 Introduction 
The traditional finite element method (FEM) has been used most widely for 
engineering problems.  It is well known that the FEM provides a lower bound in energy 
norm for the exact solution to elasticity problems.  It is, however, much more difficult to 
bound the solution from above for general problems in elasticity, and it has been a dream 
of many decades to find a systematical way to obtain an upper bound of the exact 
solution. This chapter presents a linearly conforming point interpolation method (LC-
PIM) with a very important property: it provides general means to obtain an upper bound 
solution in energy norm for elasticity problems (Liu and Zhang, 2006).   
The LC-PIM is evolved from the meshfree point interpolation method (PIM).  The 
PIM was originally formulated based on the Galerkin weak-form with PIM shape 
functions constructed using a small set of nodes located in a local support domain with 
simple interpolation (details can be found in Chapter 2). The unique feature of PIM is that 
the shape functions possess Delta function property, which allows straightforward 
imposition of point essential boundary conditions. So far, two types of PIM have been 
developed by Liu and his coworkers, i.e., polynomial PIM which uses the polynomial 
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terms as the basis functions and radial point interpolation method which uses radial basis 
functions (RBFs).  
Chen and his coworkers have developed a stabilized nodal integration scheme in which 
a strain smoothing operation is performed (Chen et al., 2001). Liu and his coworkers 
have developed a linearly conforming radial point interpolation method (LC-RPIM) by 
incorporating the nodal integration scheme with the original radial point interpolation 
method (RPIM) (Liu et al., 2006b). In the present work, a linearly conforming point 
interpolation method (LC-PIM) is formulated, in which the polynomial PIM shape 
functions are employed and the stabilized nodal integration scheme with strain smoothing 
operation is used for numerical integration. To construct polynomial PIM shape function, 
a scheme for the selection of local supporting nodes based on background cells is 
suggested, which can always ensure the moment matrix is invertible. The generalized 
Galerkin weak form is used for creating discretized system equations, and the stabilized 
nodal integration scheme with strain smoothing is used to perform the numerical 
integration.  
In this chapter, the weak form for the LC-PIM based on the generalized two-field 
variational principle will be first derived. Then it will be proved that LC-PIM is 
variationally consistent.  Finally, the upper bound property in energy norm for the LC-
PIM will be demonstrated through a number of numerical examples.  
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5.2 Briefing on the finite element method (FEM) 
5.2.1 Basic formulation 
The standard formulation of finite element method (FEM) (Zienkiewicz et al. 2000; 
Liu and Quek, 2003) will be first briefed, as the formulation will be referenced in this 
chapter for times.  In the FEM, the displacement field is assumed, and the discrete set of 
algebraic equations of FEM are generated from the following energy functional. 
 ˆ( )
t
T T TJ d d d
Ω Ω Γ
= Ω − Ω − Γ∫ ∫ ∫u ε Dε u b u t   (5.1) 
where ε is the stain obtained using the compatibility equation, ( )1H∈ Ωu  are trial 
functions with corresponding test function of ( )10Hδ ∈ Ωu . Here 1( )H Ω  denotes the 
Sobolev space of functions with square integrable derivatives in Ω , and ( )10 ΩH  is the 
subset of 1( )ΩH . In the numerical implementations, the FEM divides the domain Ω into a 
number of elements, and the following trial functions are used.   




= ∑u x d Φ x d%   (5.2) 
where ne is the set of nodes of the element containing x, [ ]Tyixii uu=d is the vector of 
nodal displacements, and Φ  is a matrix of shape functions. 












  (5.3) 
in which ( )iϕ x  is the shape function for node i. Using the compatibility equations and 
Equation (5.2), the strain of FEM approximation is given by 
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 ( ) ( ) ( ), ,
e e
i
d d i i i i
i n i n∈ ∈
= = =∑ ∑
B
ε x d L u x d L Φ x d B d
%
%% % 14243   (5.4) 
with the strain matrix of FEM defined as 
 
( ) 0
( )( ) ( ) 0











 ∂ ∂  ∂= =  ∂  ∂ ∂ ∂ ∂ 
x
xB x L Φ x
x x
%   (5.5) 










  =     
L   (5.6) 
The stationary conditions of functional J give the following standard Galerkin weak 
form. 
 ( ) ( ) ( ) ˆ( ) 0
t
T T TJ d d dδ δ δ δ
Ω Ω Γ
= Ω − Ω − Γ =∫ ∫ ∫u ε Dε u b u t   (5.7) 
By substituting the approximations u%  into Equation (5.7) and invoking the 
arbitrariness of virtual nodal displacements, the standard discretized algebraic system 
equation can be obtained as follows. 
 =Kd f%% %   (5.8) 
where d%  is the vector of nodal displacement of FEM at all the unconstrained nodes, K%  is 
the (global) stiffness matrix of FEM that is assembled using 






= Ω∫K B DB% % %   (5.9) 
and f% is the vector of nodal forces at the unconstrained nodes that is assembled using  
 ˆ( ) ( )
t
T T
i i id d
Ω Γ
= Ω + Γ∫ ∫f Φ x b Φ x t%   (5.10) 
 
5.2.2 Some properties of FEM 
Some properties of FEM are presented in this section, as these properties will be used 
in the following work. 
Remark 5.2.1 Lower-bound property: The strain energy obtained from the FEM solution 
based on assumed displacements that are fully compatible is a lower bound of the exact 
strain energy.  This property can be shown in the following. 






= Ω =∫d ε Dε d Kd% % % % %% %   (5.11) 
Let the exact strain energy defined as 





= Ω∫ ε Dε   (5.12) 
where ε0 is the exact solution of strains of the problem, which relates to the exact solution 
of displacement u0 in the form of 0 0d=ε L u . For an FEM solution from solving Equation 
(5.8) based on assumed displacement that is fully compatible, the total potential energy at 
the stationary point can be written as 
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 {
1 1( ) ( )
2 2
T T TJ U= − = − = −
Kd
d d Kd d f d Kd d
% %
%% % % % % % % % % % %   (5.13) 
As the FEM solution of a compatible model is based on the minimum total potential 
energy principle, it arrives 
 0 0J U J U= − ≥ = −% %   (5.14) 
or 
 ( ) ( )0 0U U≤ε ε% %   (5.15) 
which means that the strain energy obtained from an FEM solution is a lower bound of 
the exact solution of strain energy.  
Remark 5.1 implies that the strain energy obtained from the displacement-based fully 
compatible FEM solution is always an underestimate of the exact strain energy, and the 
displacement is always a lower bound of the exact solution in the “K norm” (or strain 
energy). Similar discussions on the lower bound property of FEM can be found in 
Zienkiewicz and Tlaylor’s book (2000).   
The above lower bound property of FEM valid for all types of elements as long as the 
displacement field is compatible. In this work, however, only linear triangular elements 
(that is compatible) are used in the FEM. 
Remark 5.2.2 Monotonic property: For given a sequence of mn  meshes mnMMM ,,, 21 L , 
in which the nodes in iM  contains that in ( )mi niM ,,3,21 L=− , the following inequalities 
then stand 
 ( ) ( ) ( ) ( )00~~~~~~ 21 εεεε UUUU mnMMM ≤≤≤≤ L   (5.16) 




ε~  is the FEM compatible solution of strains obtained using mesh im . This 
property can be shown easily using the arguments give by Oliveira (1968). 
Remark 5.2.3 Reproducibility property: If the exact solution lives in the space of the 
shape functions used in Equation (5.2), the FEM solution of compatible model will be 
exact. 
This property of FEM can be shown easily using the arguments given in Oliveira (1968) 
and Liu (2003). 
 
5.3 Formulations of LC-PIM 
5.3.1 Construction of PIM shape functions 
In the polynomial PIM presented in Chapter 2, the shape functions are constructed 
using the point interpolation method (PIM) with a group of nodes in the local support 
domain of the point of interest. In the present LC-PIM, a scheme for selecting nodes for 
constructing PIM shape functions is proposed based on the background cells (Liu et al., 
2005a). In the simplest setting of LC-PIM, background cells of 3-node triangles are 
employed for the construction of shape functions. When linear interpolation is used, any 
point of interest located in a cell is approximated using the three vertexes of this triangle, 
which is as same as the interpolation process in the conventional FEM. In the present 
work, the use of the simplest linear interpolation will be focused, that means the same 
interpolations as in the linear FEM are used. Without the loss of generality and for the 
convenience of the later discussion, the general procedure of forming the PIM shape 
functions will be reviewed. 
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Considering a problem in the domain Ω that is represented using a set of scattered 
nodes, the field variable ( )u x  can be approximated using 








= =∑x x p x a   (5.17) 
where [ ]yx=x  for 2D problems, ( ) [ ]T 1=p x Lx y  is the vector of n terms of 
polynomial bases chosen from the Pascal’s triangle, and [ ]1 2=a L na a a  is a vector 
of the unknown coefficients. Using n field nodes at xi=[xi, yi], i=1,2, .. n, in the support 
domain of the x, and enforcing Equation (5.17) passing through these three nodes, the 
shape functions can then be obtained as follows. 








−   =    
Φ x
L






  (5.18) 
The approximation of the displacement at x can then be interpolated using the shape 
functions as 
 ( ) ( ) ( ) ( ) ( )T s 1 1 sϕ ϕ ϕ= =   x Φ x U x x x ULh nu   (5.19) 
where { }1 2=U L Ts nu u u is the vector that collects the values of field variables at the 
n nodes. The explicit forms of the linear shape functions are exactly the same as that in 
the FEM using triangular elements that can be found in any textbook on FEM.  The shape 
functions has therefore the Delta function property  
 ( )ϕ δ=xI J IJ   (5.20) 
where IJδ  is the Kronecker delta, and the partitions of unity property. 








  (5.21) 
The property of the Delta function allows straightforward imposition of point essential 
boundary conditions.   
Note that the derivatives of the shape functions are basically constants and can be 
easily obtained, but they are not required in the LC-PIM formulation due to the use of 
strain smoothing technique in the process of nodal integration (Liu et al., 2005a). 
 
5.3.2 Discretized system equations 
The LC-PIM uses the generalized Galerkin weak form that can be expressed as 
 ( ) ( ) ˆ( ) ( ) 0
t
T T Td d dδ δ δ
Ω Ω Γ
Ω − Ω − Γ =∫ ∫ ∫ε u D ε u u b u t) )   (5.22) 
The overall procedure of the LC-PIM is as follows. Firstly it is assumed that the 
displacement is approximated using Equation (5.19), which implies that the displacement 
at any point in the problem domain is interpolated using the PIM shape functions created 
using the nodes in the support domain of the point. Then the strain field is assumed using 
the assumed displacement field for each of the node, and hence the strain is not 
independent of the displacement. The strain energy (corresponding the first term in 
Equation (5.22)) in the problem domain is then calculated using the assumed strain. A set 
of discretized algebraic system equation can be obtained in the following matrix form. 
 =Kd f)) )   (5.23) 
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In obtaining the integrations over the problem domain Ω need to be performed based 
on the nodes.  The detailed procedure leading to Equation (5.23) is given in the next sub-
section. 
For the convenience in the derivation, the same set of shape functions for both FEM 
and LC-PIM are used, and therefore the assumed displacement in LC-PIM is also u%  
defined in Equation (5.2), and f%  and f
)
 are also the same. In the following there will thus 
no difference between f% and f
)
. Note that the resultant strains ε%  in FEM and the assumed 
strains ε)  in LC-PIM are different, and so are the solution of the nodal displacements for 
FEM d%  and that of LC-PIM d) . 
 
5.3.3 Nodal integration scheme with strain smoothing operation 
In the LC-PIM, the integration required in the weak form Equation (5.22) is performed 
based on each of the nodes in the problem domain, and a stabilized nodal integration 
scheme (Chen et al., 2001) is used in the LC-PIM. In such nodal integration process, the 
problem domain Ω is divided into smoothing domains 1 2 NΩ = Ω ∪Ω ∪ ∪ΩL  in which N is 
the number of total field nodes located in the entire problem domain. The smoothing 
domain Ωk for each node is created by connecting sequentially the mid-edge-point to the 
centroids of the surrounding triangles of the node as shown in Figure 5.1 (Ferzige and 
Peric, 1999).   
Introducing the smoothing operation, the strains to be used in Equation (5.22) is 
assumed to be the smoothed strain for node k defined by 
Chapter 5                                Linearly conforming point interpolation method (LC-PIM) for two-dimensional problems 
 118
 ( ) ( ) ( )
k
k k k d
Ω
≡ = − Ω∫ε ε x ε x W x x)) )   (5.24) 
where  =  W
) ) ) )
W W W is a diagonal matrix of smoothing function 
)
W . For simplicity, the 
smoothing function is taken as 
 ( ) 1/
0













dAk is the area of smoothing domain for node k . 
Substituting Equation (5.25) into Equation (5.24) and integrating by parts, the 
smoothed strain can be calculated using 
















L  is the matrix of unit outward normal, kΓ is the boundary of the 
smoothing domain for node k  and ni is the thi  components of the outward normal vector 
on kΓ . Equation (5.26) states that the assumed strain kε)  is a function of assumed 
displacement uh .   
Substituting Equation (5.19) into Equation (5.26), the smoothed strain can be written in 
the following matrix form of nodal displacements. 
 ( )
infl
k i k i
i N∈
= ∑ε B x U))   (5.27) 
where Ninfl is the number of nodes in the influence domain of node k (including node k).  
When linear shape functions are used, it is the number of nodes that are directly 
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connected to node k in the triangular mesh (see, Figure 5.1). In Equation (5.27), the 








i k iy k











  (5.28) 
Using the Gauss integration along each segment of boundary kΓ , the integration in 
above equation can be calculated as 




il n i mn l m
m nk




 = =  ∑ ∑ x x
)
  (5.29) 
where sN  is the number of segments of the boundary kΓ , gN is the number of Gauss 
points used in each segment, and nw is the corresponding weight number of Gauss 
integration scheme. In the LC-PIM using linear shape functions, 1=gn is used. The 






= ∑K K) )   (5.30) 
where the summation means an assembly process as we practice in the FEM, and ( )kijK
)
 is 




i j i j kij k d A
Ω
= Ω =∫K B DB B DB) ) ) ) )   (5.31) 
The entries (in sub-vectors of nodal forces) of the force vector f
)
in Equation (5.23) can 
be simply expressed as 






= ∑f f) )   (5.32) 
The above integration is also performed by a summation of integrals over smoothing 
domains, and hence is if
)
 is an assembly of nodal force vectors at the surrounding nodes 
of node k.   
 




i k i id dϕ ϕ
Γ Ω
= Γ + Ω∫ ∫f t b)   (5.33) 
Note again that the force vector obtained in LC-PIM is the same as that in the FEM, if 
the same order of shape functions are used. Therefore, it is shown again that there is not 




5.3.4 Comparison between LC-PIM and FEM 
The FEM and the LC-PIM are compared in the following sub-section. 
Remark 5.3.1  When FEM and LC-PIM use the same triangular mesh, one has the same 
set of nodes for nodal displacements, and the same size in the discrete system equations 
and the number of unknowns. The interpolation of displacements in both FEM and LC-
PIM are essentially the same. The stiffness matrices have the same sparsity and 
bandwidth, if the same numbering system for the nodes is used. The stiffness matrices 
obtained using both FEM and LC-PIM are symmetric positive definite (SPD), if 
sufficient constraints are applied to eliminate the rigid body movement. The displacement 
field in both FEM and LC-PIM are compatible in the global problem domain. Note that 
when higher order interpolation schemes are used, FEM and LC-PIM will depart: FEM 
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uses element-based interpolation, but LC-PIM has overlapping in the use of nodes for 
interpolation. 
Remark 5.3.2 The shape functions used in FEM and LC-PIM are all have the property of 
the Delta function, which allows straightforward imposition of essential boundary 
conditions. 
Remark 5.3.3 The integration in FEM is element based, but the integration in LC-PIM is 
nodal smoothing domain based.   
Remark 5.3.4 Both FEM and LC-PIM can reproduce linear displacement field exactly 
and hence pass the standard patch test (to machine accuracy), if shape functions of at 
least 1st order are used. This allows both FEM and LC-PIM converge to the exact solution 
of any higher order field. 
Remark 5.3.5 The FEM is capable of reproducing any high order field, as long as the 
field lives in the space of the FEM shape functions; LC-PIM can only approximate the 
high order field, even if high order shape functions are used. In FEM the strains in the 
element are obtained using the compatibility equations and Equation (5.2), and hence it is 
a fully compatible mode; In the LC-PIM, however, the strains in the smoothing cells are 
obtained using Equation (5.27), and hence will not be compatible within the smoothing 
cells, in terms of satisfying the displacement-strain relations.   
Remark 5.3.6 The FEM solution does not in general satisfy the equilibrium conditions 
locally (either at any point in the elements or element-wise). The LC-PIM solution, on the 
other hand, satisfies the equilibrium equations (free of body force) at any point within the 
smoothing domain, for each of the smoothing domains, and hence at any point in the 
entire problem domain. However, on the interfaces of the smoothing domains, only the 
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displacement compatibility is ensured. Therefore, the LC-PIM behaves very much like an 
equilibrium model, but not exactly an equilibrium model. It is a combination of 
equilibrium model and compatible model.   
Remark 5.3.7 FEM model using triangular elements behaviors very “stiff”, and stress 
result is in general not very accurate; The LC-PIM model using exactly the same 
triangular mesh behaviors much softer, and stress result is in general more accurate.   
Remark 5.3.8 In terms of convergence rate, for the same problem with same mesh, the 
LC-PIM obtains similar value of convergence rate in displacement norm. The 
convergence rate in energy norm of the LC-PIM with linear elements is, in theory, 
between 1.0 and 2.0, which is higher than that of the FEM model with compatible linear 
elements.    
Remark 5.3.9 In terms of computational efficiency, for the same problem of same mesh 
the CPU time required by FEM and LC-PIM are in the same level.  For a solution of 
same accuracy in stress, the LC-PIM is more efficient.   
Remark 5.3.10 The displacement-based fully compatible FEM model provides the lower 
bound for the solution (in energy norm), and the LC-PIM provides the upper bound of the 
solution which will be discussed intensively in the following sections.   
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5.4 Variational principle for LC-PIM 
5.4.1 Weak form for LC-PIM 
In this section, the weak form for the LC-PIM will be discussed in detail. Firstly two 
independent field variables are assumed: strain field and the displacement field, and the 
generalized Reissner’s two-field variational principle (Pian and Wu, 2006) is used as: 
 ( ) ( ) ( )1 ˆˆ, 2
u t
TTT T T
dJ d d d d
Ω Ω Γ Γ
= − Ω− + Ω+ Γ − − Γ∫ ∫ ∫ ∫u ε ε Dε L σ b u t u t t u   (5.34) 
where ε  is the assumed strain vector, the stresses σ  is dependent on the strains ε%  
through the stress-strain relation =σ Dε , t is the traction on the boundary that is 
depending on the stress σ  in the form of   
 =L σ tTn   (5.35) 
Using the Green’s divergence theorem, the second term in the right-hand side of 
Equation (5.34) can be further express as 
 ( ) ( )TT T T Td n dd d d d
Ω Γ Ω Ω
+ Ω = Γ − Ω + Ω∫ ∫ ∫ ∫L σ b u L σu σ L u b u   (5.36) 
Substituting Equation (5.36) into Equation (5.34) gives 
 













= − Ω − Γ + Ω
− Ω + Γ − − Γ
∫ ∫ ∫
∫ ∫ ∫
u ε ε Dε L σu σ L u
b u t u t t u
          (5.37) 
To split the 2nd term of the integration over the entire boundary to two integrations 
over the displacement boundary Γu and over the stress boundary Γt, and then rearranging 
these terms in Equation (5.37) gives 
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( ) ( )






T T T T
d
T T T T
n n
J d d d d
d d
Ω Ω Ω Γ
Γ Γ
= − Ω+ Ω− Ω− Γ
− − Γ − − Γ
∫ ∫ ∫ ∫
∫ ∫
u ε ε Dε σ L u b u t u
L σ t u L σ t u
  (5.38) 
Invoking now Equation (5.35) and using =σ Dε , it arrived at  
 ( ) ( ) ( )1 ˆ, 2
t
T T T T
dJ d d d d
Ω Ω Γ Ω
 = − Ω + − Ω − Γ + Ω   ∫ ∫ ∫ ∫u ε ε Dε b u t u ε D L u   (5.39) 
    Note that Equation (5.39) is similar to the modified Hellinger-Reissner variational 
principle with strains ε%  and displacements u as independent field variables (Pian and Wu, 
2006).   
Using Equation (5.26), the functional of single displacement variable in the following 
form is obtained. 
 
( ) ( )( ) ( )( )
( ) ( )







T T T T
d
U W V
J d d d d
Ω Ω Γ Ω










         ( ) ( ) ( )uuu ε)) VWU ++−=  
 
(5.40) 
where ( )U u
)
 is the strain energy potential with smoothed strains, ( )W u  is the work 
potential of external force, and ( )Vε u)  is the strain energy potential of the smoothed 
strains on the assumed displacement field. Let’s now examine in detail ( )Vε u)  in the LC-
PIM setting, through which the following remark is proved.   
 
Theorem 5.1 The LC-PIM is variationally consistent, and the generalized Galerkin weak 
form Equation (5.22) is variationally valid weak form for the LC-PIM.   
Proof 
Chapter 5                                Linearly conforming point interpolation method (LC-PIM) for two-dimensional problems 
 125
In the process of the nodal integration used in LC-PIM, the problem domain Ω is 
divided into smoothing domains 1 2 NΩ = Ω ∪Ω ∪ ∪ΩL  and each of which contains a node. 
The smoothing domain Ωk for the thk  node is created by connecting sequentially the mid-
edge-point to the centroids of the surrounding triangles of the node as shown in Figure 
5.1. Note that due to the smoothing operation, the assumed strains kε
)  are constants in kΩ  
and the corresponding stresses k k=σ Dε) )  are thus also constant in kΩ . Therefore, σ  is 
bounded and continuous in each of the smoothing domain Ω. Due to the fact that the 
shape functions used in Equation (5.19) are linear functions, the strain ε is also a 
continuous function in each of the domain Ω. It can be obtained that 








V d d d
=Ω Ω Ω
= Ω = Ω = Ω∑∫ ∫ ∫ε u ε Dε ε D L u ε D L u) ) ) )   (5.41) 
Using Green’s divergence theorem for each smoothing domain Ωk, and the fact that 
( )T TkL ε D)  vanishes in Ωk, it arrived at 
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= Γ




ε u ε D L u L ε D u





  (5.42) 
Again since kε
) is constant in Ωk, then  
 
( ) ( )
1 1





k n k k k
k k
A
V d A d U
= =Γ Ω
= Γ = = Ω =∑ ∑∫ ∫ε
ε
u ε D L u ε Dε ε Dε u)
)




In deriving above equation, Equation (5.26) was used.  Equation (5.43) means that the 
LC-PIM satisfies the orthogonal conditions (Simo and Hughes, 1998): 





Ω = Ω∫ ∫ε Dε ε Dε) ) )   (5.44) 
which implies that LC-PIM is variationally consistent.     
Substituting Equation (5.43) into Equation (5.40), the following energy functional for 
the LC-PIM can be obtained. 
 ( ) ( ) ( )1 ˆ( ) ( )2
t
T T TJ d d d
Ω Ω Γ
= Ω − Ω − Γ∫ ∫ ∫u ε u D ε u b u t u) )   (5.45) 
This is a mixed variational principle of the assumed strain method (Simo and Hughes, 
1998), and the corresponding weak form is Equation (5.22).  
Note that the difference between the standard Galerkin weak form and the  generalized 
Galerkin weak form, is that in the standard Galerkin weak form the compatible strains 
obtained using =ε Lu  are used, but in the generalized Galerkin weak form the assumed 
strain ε)  is used, that is, in the case of LC-PIM, given by Equation (5.27). In general, the 
assumed strain may not satisfy the orthogonal condition Equation (5.44), and the 
formulation based on the generalized Galerkin weak form will not be variationally 
consistent. A variationally inconsistent formulation can work well, if it is energy 
consistent such as the smoothed finite element method (SFEM) proposed by Liu et al. 
(2006 c, d). The SFEM is formulated by incorporating cell-wise strain smoothing 
operation into standard compatible finite element method (FEM). When the number of 
smoothing cells of the elements is a finite number larger than 1, the SFEM solutions are 
not variationally consistent but energy consistent and can also work well. A detailed 
proof for this conclusion has been provided by Liu and his coworkers (Liu et al., 2007b). 
On the other hand, a variationally consistent formulation does not in general guarantee a 
stable solution.  A typical example is the SFEM with SC=1 can have hour-glass 
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instability for some problems (see, Liu et al., 2007a, b). The reason is that due to the use 
of assumed strain ε%  instead of the compatible strain ε , the formulation becomes 
incompatible. Hence, it is well possible that the resultant stiffness matrix (still symmetric) 
can have zero eigenvalues even if physically sufficient support is imposed. The LC-PIM 
works very well, and any zero eigenvalues or unstable modes for all the example 
problems studied so far using triangular background meshes has not been discovered.   
It is well known in FEM (Zienkiewicz and Taylor, 2000) that if the number of 
independent relations provided by all integration points must be no less than the number 
of unknowns, or the stiffness matrix K must be singular or containing as zero-eigenvalue.  
This concept has also been applied to analyze meshfree methods (Liu, 2002).  
Considering now the present LC-PIM for 2D problems, there are three independent strain 
relations at each node and the total number of independent equations generated in LC-
PIM will be 3N, where N is the total number of field nodes in the whole problem domain.  
The number of unknown variables should be 2N−Nf , where Nf  is the number of 
constrained degrees of freedoms. It is obvious that the LC-PIM always satisfy the 
requirement mentioned above, which concludes that the LC-PIM will not encounter the 
problem of zero eigenvalues or unstable modes.  This is also confirmed by the results of 
all the numerical examples. The LC-PIM will have no zero-energy modes and always be 
stable as long as the problem is well-posed (physically sufficient support is imposed). 
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5.4.2 Upper bound property of LC-PIM 
It was discovered that the solution of LC-PIM has always been the upper bound of the 
exact solution in energy norm, which will also be demonstrated in all the examples given 
in the next section. To understand this property, the relationship of solutions of a LC-PIM 
model, a FEM model and the exact model are closely examined. 
 
1) LC-PIM vs. FEM 
Lemma 5.1 For any given admissible displacement field u , the strain potential ( )uU)  for 
a LC-PIM model obtained using the smoothed strains is no-larger than the strain potential 
( )uU~  for a FEM model of compatible displacements: 
 ( ) ( )uu UU ~≤)   (5.46) 
in which 
 




= Ω∫u ε u Dε u) ) )  




= Ω∫u ε u Dε u% % %  
 (5.47) 
where ε)  is the smoothed strain obtained in LC-PIM using Equation (5.27) and ε~  is the 
strain obtained in FEM. 
Proof 
It is examined that 
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d
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d d d
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Ω Ω Ω
− − Ω
= Ω − Ω − Ω + Ω
= Ω − Ω + Ω
∫
∫ ∫ ∫ ∫
∫ ∫ ∫
ε ε D ε ε
ε Dε ε Dε ε Dε ε Dε
ε Dε ε Dε ε Dε
) )% %
) ) ) )% % % %
) ) ) % % %
  (5.48) 
Using the orthogonal condition Equation (5.44) that holds for any ε, and the fact that ε%  
is a special case of ε, and D is SPD, it can be obtained that 
 
















which gives Equation (5.46).  
Equation (5.46) can be written in discrete form of arbitrary (but admissible) nodal 
displacement d as 
 















1 ≤  
 (5.50) 
 
Corollary 5.1 For any admissible assumed nodal displacement field d, total potential 
( )dJ~  for FEM model is no-less than that ( )dJ)  for LC-PIM model: 
 ( ) ( )J J≥d d)%   (5.51) 
where 
 
( ) fddKdd ~~
2
1~ TTJ −=  
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Proof 
This is natural consequence of Lemma 5.1, based on the fact that f%  and f
)
are the same. 
 
Theorem 5.2 When the same mesh is used, the strain energy obtained from the LC-PIM 
solution is no-less than that from the FEM solution based on compatible displacement 
model.   
 ( ) ( )dd ~~UU ≥))   (5.53) 
where 
 
( ) dKdd ))))) TU
2
1=  
( ) dKdd ~~~
2
1~~ TU =  
 (5.54) 
The equality is true when LC-PIM and FEM produces the exact solutions, or all the 
nodal-based smoothing covers only on element.   
Proof 





− = − ≥d Kd d Kd d K K d) )% %1442443   (5.55) 
Equation (5.55) implies that matrix ( )KK )−~  is SPD. In mechanics, it implies that K~  is 
“stiffer” than K
)
. In addition, the solution of FEM can be written as 
 1−=d K f%% %   (5.56) 
at which the ( )J d% is stationary. The solution of LC-PIM can be written as 
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 1−=d K f) ) %   (5.57) 
at which the ( )J d) is stationary. Note here that the fact that ff ~=)  is used. At the 
stationary point, it can be obtained for FEM 
 ( ) 1
( ) ( )
1 1 1 1
2 2 2 2
T T T T T
U U
J −= − = − = − = −
d d
d d Kd d f d Kd d f f K f
% % % %




and for LC-PIM 
 ( ) 1
( ) ( )
1 1 1 1
2 2 2 2
T T T T T
U U
J −= − = − = − = −
d d
d d Kd d f d Kd d f f K f
) ) ) )




The difference of between the strain energies of FEM and LC-PIM solution becomes 
 ( )1 1 1 11 1 1( ) ( ) 02 2 2T T T
SPD
U U − − − −− = − = − ≥d d f K f f K f f K K f) ) ) )% % % % % %% % % %14243   (5.60) 
which gives Equation (5.53). 
In the working of Equation (5.60), the fact that ( )1 1− −−K K) %  is SPD is used.  This can 
be proven based on the facts at K
)
, K% , and ( )−K K)%  are all SPD (see, Equation (5.55)).  
 
2) LC-PIM vs. exact model 
It has been found that not only ( ) ( )U U≥d d) ) % % , but also ( ) ( )( )U U U≥ ≥d ε d) ) % % is true except 
for a few trivial cases, meaning the solution of LC-PIM gives the upper bound of the 
exact solution in energy norm. The fact will be stated in Theorem 5.3 that follows the 
following Lemma.   
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Lemma 5.2 For any (admissible) displacement u , the strain potential ( )uU)  for a LC-
PIM model is no-larger than that ( )uU  for the exact model: 
 ( ) ( )uu UU ≤)   (5.61) 
where 
 
( ) ( ) ( )∫
Ω
Ω= dU T uεDuεu )))
2
1  
( ) ( ) ( )∫
Ω





It is examined that 
 
( ) ( )1
2
1 1 1 1




T T T T
T T T
d
d d d d
d d d
Ω
Ω Ω Ω Ω
Ω Ω Ω
− − Ω
= Ω − Ω − Ω + Ω
= Ω − Ω + Ω
∫
∫ ∫ ∫ ∫
∫ ∫ ∫
ε ε D ε ε
ε Dε ε Dε ε Dε ε Dε
ε Dε ε Dε ε Dε
) )
) ) ) )
) ) )
  (5.63) 
Using the orthogonal condition Equation (5.44), and the fact that D is SPD, it arrives at 
 ( ) ( )
0
1 1 1 0
2 2 2
T T Td d d
Ω Ω Ω
≥




which gives Equation (5.61). 
Corollary 5.2 For any assumed admissible nodal displacement field d , total potential 
( )dJ  for the exact model is no-less than that ( )dJ)  for LC-PIM model: 
 ( ) ( )dd JJ )≥   (5.65) 
where 
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( ) fdKddd TTJ −=
2
1  






This is natural consequence of Lemma 5.2, based on the fact that f  and f
)
are the same. 
 
Theorem 5.3 The strain energy obtained from the LC-PIM solution has the following 
relationship with the exact strain energy:   
 ( ) ( )0dd UU ≥))   (5.67) 
where d
)
 is the solution of a LC-PIM model which is obtained using shape functions 
constructed using bases containing the exact solution, and 0d  is exact nodal displacement 
sampled using the exact displacement field 0u . 
Proof 
Consider a problem with exact solution of 0u . Let 0d  be the corresponding solution at 
the nodes of the mesh used in the LC-PIM model for the same problem. The exact 
solution 0u  can then always be written in the form of   




= ∑u x d Φ x d   (5.68) 
where ne is the set of nodes of the element containing x, 0id is the vector of nodal 
displacements of the exact solution, and ( )eiΦ x  is the matrix of the shape functions that 
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are constructed using bases contains the exact that returns 0u  for the given 0id  within the 
element. Considering an arbitrary displacement field defined by 




= ∑u x d Φ x d   (5.69) 
where di is the vector of arbitrary nodal displacements. This means that there is a special 
FEM model that uses the exact shape function, which should produce the exact solution 
of nodal displacement (Remark 5.2.3).  Following the arguments in proving Theorem 5.2, 
it can be obtained that 
 ( ) ( ) 00 ≥− dd UU ))   (5.70) 
which is Equation (5.67). 
 
3) The battle of softening and stiffening effects 
Theorem 5.3 implies that LC-PIM can provide an upper bound for the exact solution in 
energy norm, under the condition that ( )eiΦ x  is used. In mechanics, what this means is 
that the smoothing operation providing a softening effect to the solids or structure, so that 
the displacement d
)
 obtained by LC-PIM is “larger” (in K  norm) than that of the exact 
solution.   
In the practice of using LC-PIM for a general problem, however, finding ( )eiΦ x  is not 
always practical. Therefore, the usual PIM shape functions (or, in special cases, the FEM 
shape functions) are used. The use of any (compatible) shape functions in the place of the 
exact shape functions will, on the other hand, provide a stiffening effect to the model. The 
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battle between the softening and stiffening effects will determine whether a LC-PIM 
model can in fact provide an upper bound solution to the problem.   
The softening effect depends on the following situations in a LC-PIM model.   
•  The number of elements that connected to a node of a smoothing domain:  The more 
the elements, the more the smoothing effects. As shown in Figure 5.1, at node k , 
there are five elements connected, and at the corner node q , however, only two 
elements are connected. In an extreme case, if the smoothing domain is defined for 
each element to perform the smoothing operation ( kΩ  is further divided to five sub-
domains: each for an element), there will no softening effect at all. In this case, the 
LC-PIM and FEM gives naturally the same results, and the LC-PIM will not provide 
an upper bound, but a lower bound solution. 
•  The number of nodes being smoothed. In LC-PIM, one does not have to perform the 
smoothing operation for all the nodes. If the smoothing is selectively performed, the 
softening effect will propositionally depends on the number of nodes participated in 
the smoothing operation. 
•  The number of nodes used in the problem domain or density of the background cells.  
When a small number of nodes are used, the displacements approximated using the 
PIM shape functions in a smoothing domain deviates far from the exact solution, 
resulting in a heavy smoothing to the strain field, and hence a strong softening effect.   
On the other hand, When a large number of nodes are used, the displacements 
approximated using the PIM shape functions in a smoothing domain is more close to 
the exact solution, resulting less smoothing effects, and hence less softening effect. At 
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the extreme of infinitely small elements are used, the smoothing effects will diminish 
and the LC-PIM solution (also the FEM solution) will approach to the exact solution.  
The stiffening effect depends on the following situations in a LC-PIM model.   
•  The order of the PIM shape functions used in the displacement approximation. When 
high order PIM shape functions are sued, the displacements approximated using the 
PIM shape functions in a smoothing domain is closer to the exact solution of 
displacements, which reduces the stiffening effect, and vice versa.   
•  The number of nodes used in the problem domain. When a small number of nodes are 
used, the displacements approximated using the PIM shape functions in a smoothing 
domain deviates far from the exact solution, the stiffening effect is therefore large, 
and vice verse. At the extreme of infinitely small elements are used, the stiffening 
effects will diminish and the LC-PIM solution (also the FEM solution) will approach 
to the exact solution.   
Generally, the softening effect provided by the smoothing in a LC-PIM model is more 
significant than the stiffening effects. This is because the smoothing is a zero order 
approximation that is lower than the at least first order approximation of the displacement 
resulting in the stiffening effect. Therefore, the LC-PIM always produces an upper bound 
solution except the following cases: 
•  Only one element is used.  In this case, only element participates in smoothing, which 
should not have any smoothing effects, and hence the solutions of LC-PIM and FEM 
are the same, and LC-PIM gives a lower bound solution.   
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• For the Fraeijs de Veubeke’s particular cases (Debongine et al., 1995), in which 
homogeneous equiirbium condition is applied, LC-PIM and FEM will provide lower 
and upper bound respectively. 
In the numerical study, it has been found that LC-PIM can produce upper bound 
solutions for all the problems studied, except the very special case mentioned above. 
Intensive numerical studies have been conducted and reported in the following section to 
confirm the properties of the LC-PIM with a focus on the important upper bound property. 
 
5.5 Numerical examples 
5.5.1 Standard patch test 
For a numerical method working for solid mechanics problems, the sufficient 
requirement for convergence is to pass the standard patch test (Zienkiewicz and Taylor, 
2000). Therefore, the first example is the standard patch test using the present LC-PIM. 
The problem is studied in a 1010×  square domain, and the displacements are prescribed 









  (5.71) 
The patch test is presented using regular and irregular nodes as shown in Figure 5.2. 
The errors in displacement norm as defined in Equation (4.26) are found to be 
151065.1 −×  and 151080.1 −×  for these two models of nodes distributions respectively. 
This example demonstrates numerically that, the LC-PIM will monotonically converge 
due to its ability to reproduce linear fields and the use of the Galerkin weak form. 
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5.5.2 Cantilever beam 
A cantilever beam which has been studied in Chapter 4 (shown in Figure 4.9) is 
studied using the LC-PIM. The beam is of length L and height D, and subjected to a 
parabolic traction on the right edge. As the beam is assumed to have unit thickness, 
analytical solution based on plane stress theory is available (Timoshenko and Goodier, 
1970) and shown in Equations (4.34)-(4.38). In the present study, the parameters are of 
7100.3 ×=E Pa, 3.0=v , 50=L , 10=D  and 1000−=P . 
To investigate the effect of the irregularity of nodal distribution, three models of 420 
distributed nodes with different status of irregularity (shown in Figure 5.3) are studied 
using the LC-PIM. The results of deflection along the neutral line and the shear stress 
along the line ( )2/Lx =  of the beam are plotted together with the analytical solutions in 
Figure 5.4. It can be observed that the numerical results of these three models obtained 
using the LC-PIM are all in good agreement with the analytical ones, and the irregularity 
of the nodal distribution has litter effect on the numerical results. 
To study the convergence and efficiency properties of the LC-PIM, three models with 
regularly distributed nodes (105, 369 and 1377 nodes respectively) have been studied. 
For comparison, the problem has also been studied using the linear FEM with the same 
models. According to Equations (4.26) and (4.27), errors in displacement and energy 
norms are calculated and have been plotted against the average nodal spacing ( h ) in 
Figure 5.5. It can be found that the LC-PIM obtains a similar accuracy and convergence 
rate in displacement compared with the linear FEM. But for the results in energy norm, 
solutions of the LC-PIM will be more accurate and achieve much higher convergence 
rate. In Figure 5.6, the errors in displacement and energy norms are plotted against the 
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time consumed, which shows the efficiency of the method. It can be observed that the 
LC-PIM is as efficient as the linear FEM in terms of displacement results but is more 
efficient in terms of stress results.  
It is known that if a fully (both displacements and displacement-strain relations) 
compatible model is used, the convergence rate in energy norm should be, in theory, 1.0 
(for linear fields assumed); and if a fully equilibrium model is used, the convergence rate 
in energy norm should be, in theory, 2.0. In the LC-PIM, the strain smoothing is 
performed, which creates an “equilibrium” state locally inside the smoothing cells. On all 
the interfaces of the smoothing cells, however, the equilibrium is not ensured and only 
the compatibility of displacements is ensured. Therefore, the rate of convergence in 
energy norm should be, in theory, between 1.0 and 2.0.  The actual value will be problem 
dependent. For this cantilever beam problem, the convergence rate in energy norm for the 
LC-PIM is 1.42  (shown in Figure 5.5), which also demonstrated this theory.  
To investigate the upper bound property on strain energy of the LC-PIM numerically, 






= Ω∫ ε Dε   (5.72) 
Figure 5.7 shows the convergence status of the strain energies against the increase of 
Degree of Freedom (DOF) for both the FEM and the LC-PIM. The reference solution of 
the strain energy is obtained using the analytical solutions of stress components. It can be 
clearly found that the strain energy of the FEM model is always smaller than the 
reference one; on the contrary, the strain energy of the LC-PIM model is always bigger 
compared with the reference one. The figure also shows that with the increase of DOF, 
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strain energy of the FEM model and the LC-PIM model will converge to the reference 
solution from the lower and upper points respectively. This 2D example shows clearly the 
very important fact that one now can bound the exact solution from both sides. 
 
5.5.3 Infinite plate with a circular hole 
An infinite plate with a central circular hole and subjected to a unidirectional tensile is 
studied (as shown in Figure 4.18). Due to its two-fold symmetry, one quarter is modeled. 
Symmetry conditions are imposed on the left and bottom edges, and the inner boundary 
of the hole is traction free. For this benchmark problem, the analytical solution is 
available (Timoshenko and Goodier, 1970) and can be found in Equations (4.40)-(4.45). 
In the present study, plane stress is considered with the parameters 7100.3 ×=E Pa, 
3.0=v 1=a , 5=b  and 10=xT . 
The problem domain is first discretized with 1330 nodes and the computed results of 
displacement and stress components along the bottom and left edges are plotted with the 
analytical solutions (as shown in Figure 5.8 and Figure 5.9). It is observed that all the 
numerical results obtained using the LC-PIM are in good agreement with the analytical 
solutions. 
Next, the problem domain is presented with four models of irregularly distributed 
nodes (577, 1330, 2850 and 3578 nodes respectively). The convergence rates in 
displacement and energy norms are demonstrated in Figure 5.10 for both the FEM and 
the LC-PIM. Again it can be seen that for the displacement results, the LC-PIM and the 
FEM obtain similar accuracy and achieve almost equal convergence rate; but for the 
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stress results in energy norm, the LC-PIM could get better accuracy and achieve much 
higher convergence rate. Figure 5.11 shows the errors of the numerical results against the 
time consumed. It is observed that the LC-PIM and the linear FEM obtain similar 
efficiency for displacement results but the former is more efficient than the latter for 
stress results.  
The strain energy for each model is calculated according to Equation (5.72). As shown 
in Figure 5.12, strain energy of the FEM model is always smaller than the reference one 
and converges from the lower point with the increase of DOF. On the contrary, strain 
energy of the LC-PIM model is always bigger than the reference one and converges from 
above.  
 
5.5.4 Semi-infinite plane 
A semi-infinite plane subjected to a uniform pressure within a finite range 
( )axa ≤≤−  is studied (as shown in Figure 5.13). Plane strain condition is considered 
and the analytical stresses are given by 
 ( )[ ]2121 2sin2sin22 θθθθπσ +−−=
p
xx   (5.73) 
 ( )[ ]2121 2sin2sin22 θθθθπσ −+−=
p
yy   (5.74) 
 ( )21 2cos2cos2 θθπσ −=
p
xy   (5.75) 
The directions of 1θ  and 2θ  are referred in Figure 5.13. The corresponding 
displacements can be given by 
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where caH =  is the distance from the origin to the point '0  where the vertical 
displacement is assumed to be zero and c  is a coefficient. 
Due to the symmetry about y - axis , the problem is modeled with a aa 55 ×  square 
with 2.0=a , 100=c  and 1=p MPa. The parameters are taken as 7100.3 ×=E Pa and 
3.0=v . The left and bottom edges are constrained using exact displacement while the 
right side is subjected to tractions computed from the analytical solutions. 
The problem domain has been discretized with four models of nodes distributions (322, 
651, 1252 and 2551 nodes respectively) and the convergence rates in displacement and 
energy norms have also been calculated for the LC-PIM and the FEM. As shown in 
Figure 5.14, the LC-PIM and the FEM obtain similar accuracy and convergence rate for 
displacement calculation, but the former could get better accuracy and achieve higher 
convergence rate for energy calculation. As it has been discussed previously, the 
convergence rate in energy norm of LC-PIM should be, in theory, between 1.0 and 2.0. In 
this example, the convergence rate in energy norm is 0.98 (shown in Figure 5.14). Strain 
energy calculated based on numerical results have been plotted against DOF in Figure 
5.15. It can be seen again that the LC-PIM possesses the upper bound property on strain 
energy, i.e., strain energy of the LC-PIM model is always bigger than the exact one and 
converges to it with the increase of DOF. 
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5.5.5 Square plate subjected to uniform pressure and body force 
A square plate shown in Figure 5.16 is studied. The plate is constrained on the left, the 
right and the bottom edges. It is subjected to uniform pressure along the top edge and 
body fore of { }10 −=Tb . The problem is considered as plane stress with 
7100.3 ×=E Pa and 3.0=ν .  
The problem is descritized with four models of 145, 313, 545 and 841 nodes 
respectively. The property of upper bound on strain energy for the LC-PIM is also 
investigated similarly as previous examples. As the analytical solution is not available for 
this problem, the reference value of strain energy is obtained using the FEM with a very 
fine mesh (8238 nodes). The calculated strain energy has been plotted against the DOF in 
Figure 5.17. Again, it can be observed that the LC-PIM possesses the property of upper 
bound on strain energy. 
 
5.5.6 An automotive part: connecting rod 
Finally, a typical connecting rod used in automobiles, as shown in Figure 4.24, is 
studied again using the LC-PIM. The rod is constrained along the left circle and subjected 
to a uniform radial pressure of 100. The parameters are of 7100.3 ×=E Pa and 3.0=v . 
As the exact solution is not available, a reference solution of strain energy is obtained 
using the FEM with very fine mesh (total 11226 nodes).  
The problem is presented using four models of nodes distribution, i.e., 592, 1150, 1660 
and 2244 nodes. The calculated strain energy has been plotted against the increase of 
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DOF in Figure 5.18. For this practical problem with complicated shape, the LC-PIM is 
found again to possess the property of upper bound on strain energy. 
 
5.6 Remarks 
In this chapter, a linearly conforming point interpolation method (LC-PIM) has been 
formulated for 2D solid mechanics problems. The LC-PIM employs the polynomial basis 
to construct shape functions. The generalized Galerkin weak form is used to create 
discretized system equations and a stabilized nodal integration scheme with strain 
smoothing operation is used to perform the numerical integration. It has been proved 
theoretically that 
• Polynomial PIM shape function obtained using linear interpolation can be constructed 
as same as in the FEM using triangle element, which is very simple. 
• The LC-PIM is variationally consistent, and the generalized Galerkin weak form is a 
valid weak form for generating the discretized system equations. 
• The LC-PIM solution (in energy norm) is always no-less than that of FEM.   
• The LC-PIM solution (in energy norm) is no-less than that of exact solution except a 
few trivial cases.   
Intensive studies have been then conducted, and it has been confirmed numerical that  
• The LC-PIM solution (in energy norm) is always no-less than that of FEM for all 
cases studied, without exception. 
• LC-PIM solution (in energy norm) is no-less than that of exact solution except a few 
trivial cases: only one element is used, and the smoothing domain is reduced.   
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Using the LC-PIM together with the FEM, there is now a systematical way to 












Centroid of triangle 
Figure 5.1 Illustration of the background triangular cells and the smoothing domains created 
by sequentially connecting the centroids with the mid-edge-points of the surrounding triangles 






































(a): 100 regularly distributed nodes (b): 109 irregularly distributed nodes 
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(a) Deflection distribution along the neutral line 





















(b)  Shear stress distribution along the lien of 2/Lx =  
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(a) Comparison of convergence rate in displacement norm 














(b)  Comparison of convergence rate in energy norm 
Figure 5.5 Comparison of convergence rate between the FEM and the LC-PIM via the 
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(a) Comparison of efficiency in displacement norm 














(b)  Comparison of efficiency in energy norm 
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Figure 5.7 Study of the property of upper bound on strain energy for the LC-PIM via the 





























Chapter 5                                Linearly conforming point interpolation method (LC-PIM) for two-dimensional problems 
 152
 






























(a) Distribution of displacement ( )u  along the bottom edge  



























(b) Distribution of displacement ( )v  along the left edge 
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(a) Distribution of stress ( )yyσ  along the bottom edge 





















(b) Distribution of stress ( )xxσ  along the left edge 
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(a) Comparison of convergence rate in displacement norm 





















(b)  Comparison of convergence rate in energy norm 
Figure 5.10 Comparison of convergence rate between the FEM and the LC-PIM via the 
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(a) Comparison of efficiency in displacement norm 














(b)  Comparison of efficiency in energy norm 
Figure 5.11 Comparison of efficiency between the FEM and the LC-PIM via the problem of 
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Figure 5.12 Study of the property of upper bound on strain energy for the LC-PIM via the 
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(a) Comparison of convergence rate in displacement norm 



















(b)  Comparison of convergence rate in energy norm 
Figure 5.14 Comparison of convergence rate between the FEM and the LC-PIM via the 
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Figure 5.15 Study of the property of upper bound on strain energy for the LC-PIM via the 
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Figure 5.17 Study of the property of upper bound on strain energy for the LC-PIM via the 






























Figure 5.18 Study of the property of upper bound on strain energy for the LC-PIM via the 
problem of connecting rod 
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Chapter 6 
Linearly conforming point interpolation method (LC-
PIM) for three-dimensional problems 
 
6.1 Introduction 
The linearly conforming point interpolation method (LC-PIM) for 2D problems has 
been proposed and investigated thoroughly in Chapter 5. In the LC-PIM, the 
approximation of the variable is performed by simple point interpolation using 
polynomial basis functions and the singularity problem of the moment matrix can be 
successfully resolved. The generalized Galerkin weak form is used for creating 
discretized system equations, and a stabilized nodal integration scheme with strain 
smoothing technique is used to perform the numerical integration. The LC-PIM can 
guarantee linear exactness and monotonic convergence in energy norm for the numerical 
solutions. Furthermore, it has been found that the LC-PIM possesses the property of 
upper bound on strain energy (details see Chapter 5). 
In this chapter, the LC-PIM will be extended for three-dimensional problems. In this 
framework, a background cell of four-node tetrahedron is employed and shape functions 
are constructed using linear polynomial basis functions. The stabilized nodal integration 
scheme with strain smoothing is extended to 3D problems and volume integrals involving 
shape function gradients are recast into surface integrals involving only shape functions. 
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The present method can guarantee the linear exactness in energy norm of the numerical 
solution and is computationally efficient. 
 
6.2 Polynomial point interpolation method in three-dimensions 
Consider a 3D continuous function ( )xu , it can be approximated in the vicinity of x  as 
follows.  








= =∑x x p x a   (6.1)
where ( )xip  is polynomial basis function of [ ]T,, zyx=x , n  is the number of polynomial 
terms, and { }T21 ,,, naaa L=a , in which ia  is the corresponding coefficient yet to be 
determined. The polynomial basis ( )xip  is usually built utilizing the Pascal’s triangles, 
and a complete basis is preferred because of the requirement of higher possible order of 
consistency. The complete polynomial basis of order 1 and order 2 in three dimensions 
can be written in the following forms. 
 ( ) { }zyx1T =xp  
 ( ) { }zxyzxyzyxzyx 222T 1=xp   (6.2)
The coefficients a  in Equation (6.1) can then be determined by enforcing ( )xu  to be 
the nodal values at these n  nodes in the support domain of x , which leads to the 
following n  equations: 
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( ) ( )
( ) ( )





















M   (6.3)
In matrix form, it can be written as 
 aPU ns =   (6.4)
where sU  is the vector of nodal functional values in the support domain, 
 { }T321 ... ns uuuu=U   (6.5)











































Assuming the existence of 1−nP , a unique solution for a  can be obtained as 
 sn UPa
1−=   (6.7)
Substituting Equation (6.7) back into Equation (6.1) yields 








= = =∑x P x P U Φ x U   (6.8)
where ( )xΦ  is the vector of PIM shape functions in three-dimensions: 
 ( ) ( ) ( ) ( ){ }xxxxΦ nϕϕϕ K21T =   (6.9)
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    The thk  derivative of the shape functions can be easily obtained, but they are not 
required in the LC-PIM formulations due to the use of strain smoothing operation as it 
has been discussed in Chapter 5. 
In the present LC-PIM for 3D problems, linear monomials are used to serve as the 
basis functions. Same as in the FEM, four vertexes of the background tetrahedron cell are 
taken to perform the interpolation of the interest points located inside the cell. This can be 
easily implemented and can always ensure the invertibility of the moment matrix, as long 
as the four vertexes of the tetrahedron are not on a plane. 
 
6.3 The stabilized nodal integration scheme in three-dimensions 
As presented in Chapter 5, the generalized Galerkin weak form is used and the 
discretized system equations can be obtained as shown in Equation (5.15). To perform 
the numerical integration, a stabilized nodal integration scheme has been proposed in 
Chapter 5 for 2D problems. In this section, this nodal integration scheme will be extended 
for 3D problems as follows. 
In the process of the nodal integration, the problem domain Ω  is divided into N  
smoothing domains ( )Nkk ,,1Ω K= , in which N  is the total number of field nodes. The 
smoothing domain for each field node is centered by the node and constructed based on 
the background cells of four-node tetrahedrons. As illustrated in Figure 6.1, the sub-
domain of the smoothing domain for node k  located in the particular cell j  can be 
obtained by connecting the mid-edge-points, the centroids of the surface triangles and the 
centroid of cell j . Finding out other sub-domains located in the surrounding cells of 
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node k  and the smoothing domain for node k  can be constructed by uniting all these 
sub-domains.   
Applying the nodal integration scheme, the domain integration of the stiffness matrix 











i j i j kij k d V
Ω
= Ω =∫K B DB B DB) ) ) ) )   (6.11)
where kV  is the volume of the smoothing domain for the 
thk  node and B
)
 is the smoothed 
strain matrix that can be formulated as follows. 
Introducing the smoothing operation, the strain to be used in the Galerkin weak form is 
assumed to be smoothed strain for node k (Chen et al., 2001) 
 ( ) ( ) ( )
k
k k k d
Ω
≡ = − Ω∫ε ε x ε x W x x)) )   (6.12)
where W
)
 is the matrix of smoothing functions. 
For simplicity, the smoothing function is taken as 


















Ω  is the volume of the smoothing domain for node k . 
Substituting Equation (6.13) into Equation (6.12) and integrating by parts, yields 
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L  is the matrix of unit outward normal, kΓ  is the 
boundary surface of the smoothing domain for node k . Introducing the PIM shape 
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Where inflN is the number of nodes in the influence domain of node k (including node k ). 
When linear shape functions are used, it is the number of nodes that are directly 
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Ω1~ xxϕ                ( )zyxl ,,=   (6.17)
Applying Gauss integration among each part of the surface kΓ  of smoothing domain 
kΩ , the above equation can be written in algebraic form as 
 ( ) ( )( )
1 1
1 gs NN






 =   ∑ ∑ x x
)
  (6.18)
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where sN  is the number of surface areas of smoothing domain kΩ , gN  is the number of 
Gauss points distributed in each area, and nw  is the corresponding weight number of 
Gauss integration scheme. In the present method, 4=gN  is used which means that 22×  
Gauss points is used for integration on each quadrangular surface area of the smoothing 
domain. 
 
6.4 Numerical examples 
Some 3D numerical examples will be studied in this section using the present LC-PIM. 
The error indicators in displacement and energy norms defined as in Equations (4.26) and 
(4.27) are used to evaluate the numerical solutions. 
 
6.4.1 Linear patch test 
For a numerical method working for solid mechanics problems, the sufficient 
requirement for convergence is to pass the standard patch test (Zienkiewicz and Taylor, 
2000). Therefore, the first example is the standard patch test using the present LC-PIM. 
The problem is studied in a cubic domain with the dimension of 101010 ×× , and the 


















The linear patch test is first conducted using a set of nodes distributed in the cubic 
domain, i.e., eight nodes located on the vertexes of the cube and the ninth node locates 
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inside. By changing the location of the ninth node inside the cube, displacement error as 
defined in Equation (4.26) has been calculated and listed in Table 6.1. It can be found 
that the present method can pass the linear patch test regardless the location of the ninth 
node. This result numerically proves the stability of the LC-PIM. 
Second, the problem domain has been represented using both 125 regularly and 166  
irregularly distributed nodes as shown in Figure 6.2. For these two models, the errors in 
displacement are found to be 15102837.1 −×  and 15102036.1 −×  respectively, which reach 
almost the level of the computer precision. The results show that the displacements of all 
the interior nodes follow “exactly” the same function of the imposed displacement. This 
example demonstrates numerically that the present LC-PIM can monotonically converge 
due to its ability to reproduce linear fields and the use of the Galerkin weak form.  
 
6.4.2 A 3D cantilever beam 
A 3-D cantilever beam under a parabolic traction on the right edge is studied using the 
LC-PIM. As shown in Figure 6.3, the beam is of 10=L , 1=H , 1=B , 100−=P  and 
with the parameters of 7100.3 ×=E Pa and 3.0=v . Since the beam is relatively thin, 
analytical solutions based on the plane stress (shown in Equations 3.77-3.41) can be used 
approximately as reference solutions (Timoshenko and Goodier, 1970).  
The problem domain has been presented using both 775 regularly and 874 irregularly 
distributed nodes (as shown in Figure 6.4), and computed distribution of defection along 
the neutral line and shear stress ( )xyτ  along the mid-line ( )0,2/ == zLx  are plotted 
together with the reference solutions in Figure 6.5 and Figure 6.6, respectively. It can be 
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found that the numerical results obtained using the present LC-PIM with both regular and 
irregular nodal distribution models are in very good agreement with the reference ones. 
The problem is discretized using four models of nodes distribution, i.e., 163,439,874 
and 1304 nodes. The calculated strain energy has been plotted against the increase of 
DOFs in Figure 6.7 for both the FEM and LC-PIM, in wihcih the reference strain energy 
is calculated by using the reference solutions of stress components shown in Equations 
3.77-3.41. For this 3D problem, it is found that LC-PIM also produces an upper bound 
solution, while the FEM produces the lower bound. 
 
6.4.3 3D Lame problem 
The 3D Lame problem which has been studied in Chapter 3 (shown in Figure 3.13) is 
studied again using the present LC-PIM. As the problem is spherically symmetrical, only 
one-eighth of the sphere is modeled and symmetry conditions are imposed on the three 
planes of symmetry. The related parameters are taken as 0.1=E Pa, 3.0=v , 1=a , 2=b  
and 1=P . The problem domain is presented using 1304 irregularly distributed nodes. 
The computed nodal displacements and stresses along the x  axis are plotted in Figure 6.8 
and Figure 6.9, respectively. It can be clearly seen that the numerical results agree well 
with the analytical ones.  
Furthermore, to investigate the properties of convergence and efficiency of the present 
LC-PIM for 3D problems, four models of 173, 317, 729, and 1304 irregularly distributed 
nodes are employed. For each model of nodes distribution, the error in energy of the 
numerical results is calculated according to the definition in Equation (4.27). For 
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comparison, the FEM using linear four-node tetrahedron element is also employed to 
study the problem with the same nodes distributions. As shown in Figure 6.10, the results 
of error in energy norm against h  are plotted for both the FEM and the present LC-PIM, 
where h  is the average nodal spacing of the nodes distribution. It can be found obviously 
that these two methods reach similar rates of convergence, but the LC-PIM obtains more 
accurate results compared with the linear FEM for this problem. In Figure 6.11, the 
energy errors of the numerical results obtained using these two methods are plotted 
against the CPU time consumed, which shows performance of numerical methods. It can 
be found that the LC-PIM is clearly more efficient than the linear FEM for this problem.  
Figure 6.12 shows that for this 3D problem with, LC-PIM has again produced an upper 
bound solution: stain energy of LC-PIM solution is no-less than the strain energy of the 
reference solution and convergences to it with the increase of DOFs, while FEM solution 
convergences from below to the reference solution.   
 
6.4.4 3D Kirsch problem 
A 3D Kirsch problem is considered to examine the stress distribution in the vicinity of 
a small cavity in an infinite cube subjected to far field uniform tension, as illustrated in 
Figure 6.13. The analytical solution for the normal stress ( )zzσ  in the plane 0=z  is 
given as (Timoshenko and Goodier, 1970):  






















zz σσ   (6.20)
where r  is the radial distance from the centroid of the cube to the point of interest.  
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The problem is modeled for 1=a , 10=b  and 10 =σ with the parameters of 
7100.3 ×=E Pa and 3.0=v . The problem domain is presented with total 1256  
irregularly distributed nodes. Figure 6.14 shows the comparison between the analytical 
solution and the numerical solution for the normal stress zzσ  along the x  axis. It can be 
clearly found again that the LC-PIM solution is in excellent agreement with the analytical 
ones. 
 
6.4.5 An automotive part: rim 
A typical rim used in automotive industry is modeled and studied using the present 
LC-PIM. As shown in Figure 6.15, the rim is of inner radius 2 , outer radius 19  and a 
thickness of 3 . It is constrained in three dimensions along the inner annulus and a 
uniform pressure of 100  is applied on the outer annulus of o60 . The parameters are taken 
as 7100.3 ×=E Pa and 3.0=v . As no analytical solution is available for this problem, a 
reference solution is obtained using the FEM software ABAQUS with a very fine mesh, 
in which the four-node tetrahedeon elements are used with total 16715 nodes distributed 
in the problem domain. The problem domain is represented using 7972  nodes and the 
numerical solutions of stress components of nodes located on the plane of 0=z  are 
plotted in the form of contour. Figure 6.16, Figure 6.17 and Figure 6.18 show the 
comparison of the stress contour between the reference solutions and the numerical ones 
for xxσ , yyσ  and xyτ , respectively. It can be seen that the results obtained using the LC-
PIM match well with the reference ones.  
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6.4.6 Riser connector 
The final example comes from a real offshore project of Floating Production and 
Storage Unit (FPSO). Fluid transfer between FPSO and subsea pipeline is carried out 
through a kind of flexible pipe called riser, which is attached to FPSO shipside by riser 
connector. The simplified model of riser connector is shown in Figure 6.19 with the load 
being applied on the top flange of riser connector. The boundary conditions are defined at 
the end of I-beams where riser connector is supported by other structures. This riser 
connector is made of steel material with Young’s modulus 5100.2 ×=E N/mm2, 
Poisson’s ratio 32.0=v .  
Reference solution of this problem is obtained using the FEM software ABAQUS with 
4-node tetrahedron elements via very fine mesh (total 27072 nodes), and the contour of 
elemental Von Mises stress is plotted in Figure 6.20 in the deformed shape of the riser 
connector. For the purpose of comparison, this problem is studied using both the present 
LC-PIM and the linear FEM via the same nodes distribution (total 2228 nodes). The 
numerical results of the elemental Von Mises stress obtained by using these two methods 
are plotted in the form of contour, shown in Figure 6.21 and Figure 6.22, respectively. It 
can be found that, although the riser connector is presented with less than one tenth of the 
reference nodes distribution, the LC-PIM solution matches well with the reference one 
and is closer to it than that of the linear FEM. 
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6.5 Remarks 
In this chapter, the linearly conforming point interpolation method (LC-PIM) is 
formulated for three dimensional problems. The present LC-PIM employs polynomial 
basis functions for field approximation and the shape functions have the property of 
Kronecker delta function. The generalized Galerkin weak form is used and a stabilized 
nodal integration scheme with strain smoothing technique is employed to perform the 
numerical integration. Some examples are studied numerically using the present method. 
Either for the benchmark problems which have the analytical solutions, or for the 
practical example with the complicated shapes, the LC-PIM can always obtain very 
stable and accurate results in terms of both displacements and stresses. The following 
remarks can be made.  
• Shape functions are generated using the polynomial basis functions and have the 
property of Kronecher delta function, which allows straightforward imposition of 
point essential boundary conditions. 
• With the implementation of strain smoothing technique, the LC-PIM using the 
nodal integration scheme can get stable numerical results. 
• Using the technique of strain smoothing, field gradients are computed directly 
using shape functions itself and no derivative of shape function is needed. This 
property can reduce the requirement on the smoothness of shape functions, which 
allows the LC-PIM to get accurate stress solutions, even using low order shape 
functions.  
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• The present LC-PIM guarantees a linear exactness of the numerical solutions, 
which is also proven numerically by the standard patch test. This property ensures 
the stability and the convergence of the LC-PIM.  
• Compared with the FEM using the linear tetrahedron element, the LC-PIM can 
achieve a higher accuracy and better efficiency for the problems studied. 
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Figure 6.1 Illustration of background four-node tetrahedron cell and one of the sub-
smoothing-domain for node k  located in cell j  created by connecting the mid-edge-points, 
the centroids of the surface triangles and the centroid of the tetrahedron. 
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LC-PIM solu. (regular nodes)
LC-PIM solu. (irregular nodes)
 
Figure 6.5 Deflection distribution along the neutral line of the 3D cantilever beam 
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Figure 6.7 Study of the upper bound property on strain energy for the LC-PIM via the 3D 
cantilever problem 
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Figure 6.9 Distribution of radial and tangential stresses along the x  axis for the 3D Lame 
problem 

















Figure 6.10 Comparison of convergence between FEM and LC-PIM via the Lame problem 






















Figure 6.11 Comparison of efficiency between FEM and LC-PIM via the Lame problem with 
the same nodes distribution 
Chapter 6                              Linearly conforming point interpolation method (LC-PIM) for three-dimensional problems 
 180









































Chapter 6                              Linearly conforming point interpolation method (LC-PIM) for three-dimensional problems 
 181


























Figure 6.15 Simplified model of an automotive rim. 
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Figure 6.17 Stress contour of yyσ  on the plane 0=z  for the rim problem 
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Figure 6.19 Simplified model of the three-dimensional riser connector 
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Figure 6.20 Reference solution of contour for elemental Von Mises stress obtained using 







Figure 6.21 Contour of elemental Von Mises stress obtained using LC-PIM via coarse mesh 
 
Chapter 6                              Linearly conforming point interpolation method (LC-PIM) for three-dimensional problems 
 185















Chapter 7                                       Adaptive analysis using the linearly conforming point interpolation method (LC-PIM) 
 186
Chapter 7 
Adaptive analysis using the linearly conforming point 
interpolation method (LC-PIM) 
 
7.1 Introduction 
In this chapter, an adaptive procedure using the linearly conforming point interpolation 
method (LC-PIM) is introdued. Adaptive analysis has been adequately used in the 
traditional FEM and various procedures for error estimate and refinement have been 
developed. In particular, two distinct types of error indicator or estimators are used: 
recovery based error estimators and residual based error estimators. Recovery is the 
process that can improve the accuracy by a posteriori treatment of the numerical data 
(Zienkiewicz and Taylor, 2000). The recovery based error indicator was introduced by 
Zienkiewicz and Zhu (1987) and has been widely used in the finite element method. A 
thorough state of the posteriori error estimation, including limits of usual error measures, 
has been proposed by Gratsch and Bathe recently (2005). The residual based error 
estimators were developed by making use of the residuals of the numerical approximation, 
either explicitly or implicitly. Many works have been done on this type of error 
estimators (Babuska and Reinboldt, 1978; Bank and Weiser, 1985; Verfurth, 1989; 
Ainsworth and Oden, 1993). There are various procedures of the refinement and they 
may be broadly classified into two categories: h-type refinement and p-type refinement 
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(Zienkiewicz and Taylor, 2000). In an h-type refinement, the same class of elements will 
continue to be used but are changed in size to provide maximum economy in reaching the 
desired solution. In a p-type refinement, elements of same size are used and simply 
increase the order of the polynomial functions. 
For most meshfree methods, as they evaluate field variables entirely based on a group 
of discrete nodes and require no predefined nodal connectivity, then field nodes can be 
moved, inserted and deleted freely. This is particularly suitable for adaptive analysis. So 
far, many procedures of adaptive analysis have been developed for meshfree methods. 
Duarte and Oden (1996) derived an error estimate that involves only the computation of 
interior residuals and the residuals for Neumann boundary conditions for the h-p cloud 
method. For the EFG method, Chung and Belytschko have proposed an error estimate 
which is based on the difference between the values of projected stresses and the stresses 
given directly by the EFG method (Chung and Belytschko, 1998). More in-depth study 
about refinement procedures in EFG has been conducted by Lee and Zhou (2003). In the 
context of the reproducing kernel particle method (RKPM), Liu et al., (1997) have 
proposed approaches based on the residual errors. You et al. (2003) have developed an 
approach by utilizing the reproducing kernel as a low-pass filter and the corresponding 
high-pass filter is used to identity the locations of high gradient. Yvonnet et al. (2006) 
have proposed an adaptive procedure with the error indicator based on natural neighbor 
recovery stress in the context of the constrained natural element method (C-NEM). Liu 
and Tu (2002) have also developed an error estimate based on the energy of individual 
cells. For each cell, computing cell energy and reference cell energy are generated based 
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on a same stress field by using two different integration schemes; the difference between 
the two energy values is used as the basic measure of error level. 
As presented in Chapters 5 and 6, the LC-PIM not only maintains the unique feature 
brought by the use of shape functions of Delta function property, but also guarantees 
linear exactness and monotonic convergence in energy norm for the numerical solutions. 
Compared to the linear FEM, the LC-PIM can give both better accuracy and higher 
convergence rate, especially for stress results (Liu et al., 2005a; Zhang et al., 2006b; Liu 
and Zhang, 2006). However, in the LC-PIM frame work, these types of error estimates 
cannot be used directly, because the use of strain smoothing has made the matter trickier. 
Therefore, a proper error estimate needs to be devised. The objective of the present work 
is to develop an effective adaptive procedure for the LC-PIM. First, an efficient error 
indicator is defined which works properly in the framework of the LC-PIM. A 
corresponding refinement scheme is then proposed for adaptive analysis. In the present 
procedure, background triangular cells that can always be generated automatically are 
used and an error indicator based on residuals of the strong-form governing equations is 
used to evaluate the residual error of each triangular cell (Kee et al., 2006). Then new 
nodes will be added in the cell whose residual error exceeds the critical value. The 
Delaunay algorithm is finally used to reform the background cells and the analysis will be 
advanced to the next stage. As the formulations of the LC-PIM has been presented in 
detail in Chapters 5 and 6, only the adaptive procedure, including the definition of the 
error estimate and the refinement strategy, is introduced in the flowing sections. 
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7.2 Adaptive procedure 
A good error indicator and an appropriate refinement strategy should be the two 
important issues for an adaptive procedure. In the present work, an error estimate based 
on the residual error of the strong-form governing equations and a simple refinement 
strategy based on the background triangular cells have been used for adaptive analysis 
using the LC-PIM.  
 
7.2.1 Error indicator based on residual error 
The error indicator proposed by Kee et al. (2006, 2007) is evaluated based on the 
residual error of the governing equations. Consider a two dimensional problem that is 
governed by the following partial differential equation in terms of displacements: 
 ( ) 0C u b+ =   (7.1) 






A C u bη = +   (7.2) 
where iA  is the area of the 
thi  cell.  
Note that in the process of calculating residual errors using Equation (7.1), second 
order derivatives of displacement variables are involved. But for the present LC-PIM, 
same as the linear FEM, the second order derivatives of shape functions will be zero. So 
the meshfree radial point interpolation method (RPIM) is employed for the calculating of 
this error estimate (Kee et al., 2006, 2007). As presented in Chapter 2, the RPIM shape 
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functions created using RBFs are piecewisely differentiable to any order in the local 
support domain (Liu, 2002) hand have been found works well for the calculation of the 
present error indicator (Kee et al, 2006). 
 
7.2.2 Refinement strategy 
According to the residual error of each cell, an adaptive procedure can then be 
implemented as illustrated in Figure 7.1. In the process of the adaptive refinement, there 
are two issues should be noted. 
1) Definition of local critical value 
In the present study, a maximum number of the adaptive steps is predefined and 
adaptive refinements may proceed until the number of steps equals this maximum 
number. In the process of each adaptive step, a local critical value of residual error is 
involved which is defined as 
 lmllc ηκη =   (7.3) 
where lcη  is the local critical value of residual error for a particular adaptive step, lκ  is a 
constant number and lmη  is the maximum value of residual error throughout all the 
background cells at this adaptive step.  
2) Refinement scheme 
In each adaptive step, refinement is performed by simply adding nodes in the cell 
whose residual error is greater than the critical value (means lci ηη > ). In advance, the 
background triangular cells are classified into interior and edge cells, which have been 
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defined in Chapter 5. An interior cell is a cell that has no edge on the boundaries of the 
problem domain, and an edge cell is a cell that has at least one edge on the boundaries. 
For example, cell a  and cell b  are interior and edge cells respectively (shown in Figure 
7.2). Then if an interior cell needs to be refined, a new node will be added at the centroid 
of the triangle; for an edge cell, two new nodes will be added at the centroid and the 
midpoint of the edge which is on the boundaries (Illustrated in Figure 7.2). Finally, the 
formation of the new background mesh is performed using Delaunay technique based on 
the new nodal configuration and the third picture in Figure 7.2 is only a sketch. This 
refinement sheme is very simple and has been proven effective for all the cases studien in 
the following section. In addition, this simple procedure has an advantage that the 
information at the nodes of old mesh is preserved.  
 
7.3 Numerical examples 
To investigate the performance of the present adaptive procedure for LC-PIM, several 
numerical examples are studied in this section. 
 
7.3.1 Infinite plate with a circular hole 
 A benchmark problem for adaptive analysis is studied here, which is an infinite plate 
with a central circular hole and subjected to unidirectional tensile (as shown in Figure 
4.18). Plane stress is considered with Young’s modulus 7100.3 ×=E Pa and 3.0=v . The 
parameters are taken as 1=a  and 10=xT . As the problem has two-fold symmetry, only 
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the upper right quadrant is studied with 5=b . The analytical solutions for this problem 
are available as shown in Equations (4.40)-(4.45). 
To study the effectiveness of the present adaptive procedure, uniformly refined 
models as shown in Figure 7.3 are also considered. For the adaptive LC-PIM, 05.0=lκ  
is used and 6 steps of adaptive refinement is performed. Furthermore, the present 
problem has also been studied using linear FEM with both uniform and adaptive models. 
For the adaptive procedure using the FEM, the same refinement algorithm as used in 
adaptive LC-PIM is used with same tolerant values. The results of FEM and LC-PIM 
with both uniform and adaptive models are shown in Figure 7.4 and Figure 7.5, in which 
the energy errors calculated using Equation (4.27) are plotted with respect to degree of 
freedom (DOF) and h respectively. Here h is taken as the average nodal spacing for 
different nodal configurations. First, these two figures show us that the adaptive models 
for both LC-PIM and FEM obtain much higher convergence rate compared to the 
uniformly refined modes. This has demonstrated the effectiveness of the proposed 
adaptive procedure. Second, compared with the linear FEM, the LC-PIM achieves a 
better accuracy and higher convergence rate for both uniform and adaptive models (1.55 
and 2.2 for uniform and adaptive models respectively). This conclusion is consistent with 
the previous work which has been presented in Chapter 5. 
Figure 7.6 shows the nodal configuration of the results of adaptive refinement. From 
the figure it can be found that the refinement is activated in the regions with a significant 
stress concentration. 
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7.3.2 Short cantilever plate 
A short cantilever plate is studied, which is a rather simple model example and was 
also analyzed in the work of Ainsworth and Oden (1997). The problem domain is a unit 
square and subjected to unit pressure along the upper side (shown in Figure 7.7). Plane 
strain is considered with 0.1=E  and 3.0=v . The exact solution of the strain energy for 
this problem is known as 3797453.1=S . The analytical solution of displacement 
components for this problem is not available, and the value of point A , 
( ) 875323.2=Auy , is used as the reference one which was provided in the work of Steeb 
et al. (2002). 
This problem has also been studied with both uniformly refined models of 81, 289 and 
1089 nodes respectively and adaptive models. For the adaptive study, 05.0=lκ  is used 
and the adaptive refinement is performed for 4 steps. As shown in Figure 7.8, the relative 
errors of ( )Auy  and strain energy are plotted against the DOF for both uniform and 
adaptive refinements. Again the results show that the LC-PIM with adaptive refinement 
convergences faster than that based on uniform refinement with the increase of DOF. 
Figure 7.9 shows the nodal distributions for the adaptive procedure at each step. It can be 
found that refinement is focusing on the two corners where the concentration of stress 
occurs. 
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7.3.3 Mode-I crack problem 
A mode-I crack problem is considered, whose geometry is shown in Figure 7.10. The 




































ΙΚ=   (7.6) 
where ΙΚ  is the stress intensity factor and it is assumed π2=ΚΙ  in the present case. 
As the problem is symmetric about x  axis, only the upper half of the plate is modeled for 
analysis (shown in Figure 7.10). To extend the exact solution to the whole domain, exact 
traction which can be obtained using Equations (7.4)-(7.6), will be imposed on the outer 
sides (the upper, the right and the left sides). The symmetric conditions are imposed on 
the bottom edge as shown in Figure 7.10. The problem is considered as plain strain 
problem with the parameters 73.0 10E = × Pa, 0.3v =  and 1=a .  
The problem is studied using the LC-PIM with both uniform and adaptive models. For 
the uniform refinement, three models with 153, 561 and 1326 nodes are studied. The 
adaptive analysis is performed for 4 steps with 05.0=lκ  and the results are compared 
with that obtained using uniform models. The first picture in Figure 7.11 shows the 
energy errors of the numerical solutions calculated using Equation (4.27) against DOF for 
both uniform and adaptive models, and the second picture shows the situation of relative 
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errors of strain energy. The results of these two indexes indicate that the adaptive model 
convergences much faster than the uniform model. Figure 7.12 shows the nodal 
configurations at each adaptive step for the whole plate, where the nodes distribution in 
the lower half plate is obtained by reflection. It can be found that more nodes may 
centralize around the tip of the creak as singularity appears at that point. 
 
7.3.4 L-shaped plate 
A L-shaped plate subjected to uniform tensile force in the horizontal direction is 
studied. As shown in Figure 7.13, the plate is constrained in x  and y  directions along 
the right and upper sides respectively. This is also a benchmark problem to examine an 
adaptive scheme as singularity will occur at point A . The plate is studied as a plane 
stress problem with the parameters as 7100.3 ×=E Pa, 3.0=v , 5=a  and 10=p .  
The L-shaped plate is studied using the LC-PIM with both uniform and adaptive 
models. For the uniform refinement, the problem domain is presented using 109, 369 and 
1430 nodes respectively. For the adaptive procedure, 6 steps of adaptive refinement are 
performed with 05.0=lκ  and the nodal configuration at each step is shown in Figure 
7.14. The figure shows that the present adaptive procedure can accurately catch the steep 
gradient of stresses and the occurrence of refinement is properly concentrated around 
point A . This problem is also studied by using the FEM with a very fine mesh of linear 
triangular element (total 13654 nodes) and the calculated value of strain energy is used to 
compute the relative errors against the LC-PIM solutions obtained using both uniform 
and adaptive models. In Figure 7.15, the relative errors of strain energy are plotted 
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against the DOF for the results of uniform and adaptive refinements and it indicates again 
that the present adaptive procedure convergences much faster than the traditional uniform 
refinement. In Figure 7.16, contours of stress components at the finalstep of the adaptive 
refinement are compared with the results of the FEM using 13654 distributed nodes. It 
can be found that the stress components at the final adaptive step (only 750) nodes are in 
good agreement with the FEM results which are obtained using uniform modle with a 
very fine mesh. In checking the nodal spacing near the stress concentration corner, it is 
found that the nodal spacing of the uniform model of 13654 nodes is 0.08, and that of the 
adaptive model of 750 nodes is 0.072. This shows that the present adaptive procedure 
uses nodes where most needed. It indicate again the effectiveness of the proposed 
adaptive procedure using the LC-PIM. 
 
7.4 Remarks 
An efficient error indicator and the associated refinement scheme within the 
framework of the linearly conforming point interpolation method (LC-PIM) are presented 
in this chapter. The LC-PIM which employs the nodal integration scheme with strain 
smoothing technique can guarantee linear exactness and monotonic convergence in 
energy norm for the numerical results. Compared with the linear FEM, the LC-PIM 
obtains better accuracy and achiever higher convergence rate. The error estimate used in 
the present adaptive procedure is calculated based on the residual error of the strong-form 
governing equations. The results of some benchmark problems show that the present 
adaptive procedure using the LC-PIM can accurately catch the appearance of the steep 
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gradient of stresses and the occurrence of refinement is concentrated properly. Compared 
to the results of uniformly refined models, the results of adaptive models can 
convergence much faster. All the results have demonstrated the effectiveness of the 
present adaptive procedure for the LC-PIM. 
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Start with original background mesh 
Form the smoothing domain for each node and build up LC-
PIM system equations  
Solve LC-PIM system equations and calculate nodal values 
Obtain the residual error for each background cell and the 
global residual error 
Judge whether the number of adaptive 
steps equals the maximum   
Stop 
Estimate local residual error indicator and perform the 
refinement strategy by adding nodes in the cell whose residual 
error is larger than the local critical value 
Form the new background mesh using Delaunay technique 
Yes 
No 
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Figure 7.4 Comparison study of the convergence property by plotting the errors in energy 
























Figure 7.5 Comparison study of the convergence property by plotting the errors in energy 
against ‘h’ 
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Figure 7.9 Sequence of adaptive refinement models for the short cantilever plate 
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Figure 7.15 Comparison between uniform and adaptive models for the L-shaped plate 




Figure 7.16 Comparison of stress distributions (the results are obtained by using FEM with 
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Chapter 8 
Conclusions and recommendations 
 
8.1 Concluding remarks 
This study has focused on the development of new meshfree methods and the 
application of these methods for three-dimensional problems and adaptive analysis. 
Through the studies, following conclusions are drawn: 
1) The meshfree radial point interpolation method (RPIM) has been extended for three-
dimensional problems. The RPIM shape functions constructed using RBF augmented 
with polynomial possess the Delta function property which allows the 
straightforward imposition of essential boundary conditions at nodes. The RPIM 
shape function can reproduce what is contained in the basis and has a good 
convergence. Via the study of the numerical examples, the following values are 
recommended for the shape parameters used in the MQ-RBF for 3D problems, i.e. 
03.1=q  and 4=cα . Two models of the support domain have been presented and 
Model-2 performs better for most 3D problems especially when the geometry of the 
domain is complicated. For Model-1, 0.3=sα  is recommended; for Model-2, 
70~20  nodes in the local support domain are preferred. The numerical results show 
that the RPIM can obtain higher accuracy than the linear FEM and has a good 
performance for solving 3D elastic problems. 
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2)  A nodal integration technique for the radial point interpolation method (NI-RPIM) 
has been proposed. The nodal integration scheme is based on Taylor’s expansion. 
The expansion is applied to the entirety of DBBT  and expanded up to second-order. 
In this case, third-order derivatives of shape functions are required for linear 
elasticity problems. The RPIM shape functions created using RBFs fit well to the 
requirement, as it is one-piecely differentiable to any order in the integration domain. 
The NI-RPIM can obtain very stable results. Effect of the parameters is investigated, 
and 03.1=q  and 4=cα  are recommended for the NI-RPIM. For the circular 
support domain, 5.3~5.2=sα  which includes 12 ~ 40 field nodes are suggested. 
Compared with the linear FEM, the NI-RPIM is more accurate and efficient for the 
problems studied; compared with the original RPIM using Gauss integration, the NI-
RPIM can achieve higher convergence rate and better efficiency; compared with the 
NI-MLS, the NI-RPIM performs much better than the linear NI-MLS and shows 
similar performance as quadratic NI-MLS. 
3) A linearly conforming point interpolation method (LC-PIM) has been developed. 
Polynomial PIM shape function used in the LC-PIM is obtained using linear 
interpolation as same as in the FEM using triangle element, which is very simple and 
easily to be performed. The PIM shape functions possess many properties (for 
example, the Kronecker delta function property) and most numerical techniques and 
treatments developed in the FEM can be utilized with minor modifications. A 
generalized Galerkin weak form is derived for the LC-PIM and a stabilized nodal 
integration scheme with strain smoothing operation is used for the numerical 
integration. The LC-PIM can guarantee linear exactness and monotonic convergence 
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in energy norm for the numerical solutions. The LC-PIM is proved to be 
variationally consistent. Furthermore, the LC-PIM has been found to possess the 
property of providing an upper bound on strain energy. A number of numerical 
examples have been studied and the properties mentioned above have been 
demonstrated numerically.  
4) The linearly conforming point interpolation method (LC-PIM) has been extended 
for three-dimensional problems. The 3D LC-PIM also possesses the attractive 
properties as the 2D one, such as the Delta functions property for the PIM shape 
function and the linear exactness for the numerical solutions. Compared with the 
FEM using the linear tetrahedron element, the LC-PIM can achieve better accuracy 
and higher efficiency. 
5) An adaptive analysis procedure using the linearly conforming point interpolation 
method (LC-PIM) has been proposed. An error indicator based on residual error 
together with a simple refinement scheme has been introduced. Some benchmark 
problems for adaptive analysis have been studied. The results show that the present 
adaptive procedure using the LC-PIM can accurately catch the appearance of the 
steep gradient of stresses and the occurrence of refinement will be concentrated 
properly. Compared to the results of uniformly refined models, the results of 
adaptive models converge much faster. All the results have demonstrated the validity 
and effectiveness of the adaptive procedure for the LC-PIM. 
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8.2 Recommendations for further work 
Based on the work presented in the thesis, following aspects will be recommended for 
future and further research: 
1) Many types of meshfree methods have been developed. These methods have 
provided us a number of numerical techniques and extended our minds for 
construction of numerical methods. It is promising to incorporate these ideas and 
techniques with the traditional numerical methods (such as FEM) and to develop 
more effective and robust numerical methods. 
2) Further research work should be done on the linearly conforming point 
interpolation method (LC-PIM). The LC-PIM has shown very attractive properties 
for both 2D and 3D elasticity problems and has been applied in the adaptive analysis. 
One side, more work should be done to further study the theoretical aspects of the 
LC-PIM. The other side, the LC-PIM is expected to be applied for more types of 
problems to utilize its good properties. 
3) Some new numerical methods have been proposed in this work and they have 
shown good properties for solving linear elasticity problems. It is desirable to extend 
these methods to deal with the nonlinear problems and coupling problems. 
4) The development of meshfree methods for industrial application is expected to be 
done in the future. In this thesis, some numerical cases come from practical 
application have been studied and satisfying results have been obtained. However, 
there are still a lot of technical problems need to be solved before they become an 
efficient tool for practical analysis. In addition, a robust and efficient commercial 
software package should be developed. 
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